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Arithmetic



Self-study Packet 

Calculators OK for Meet #5

Problem Categories for this Meet (in addition to topics of earlier meets):

1. Mystery: ? 

2. Geometry: Solid geometry (volume and surface area) 

3. Number Theory: Set theory, Venn diagrams 

4. Arithmetic: Combinatorics (counting, permutations, combinations) and Probability 

5. Algebra: Solving quadratics with rational solutions, including word problems 

Thanks to www.imlem.org for the problems.

Questions?  Suggestions?  Please contact kipbryan@gmail.com
Meet #5 – Arithmetic – Ideas you should know
Probability – what fraction of the time an event happens


Probability you win the lottery: 
[image: image38..pict]  (if you bought a ticket)


Probability you roll a 6 on a number cube: 
[image: image2.wmf]
AND ( Times


(if they are independent events)  P(A AND B) = P(A) x P(B)

( Probability you win the lottery AND roll a 6 on the cube: 
[image: image3.wmf]
( Probability you get Heads on one coin flip AND on another flip: 
[image: image4.wmf]
[image: image35.wmf]
( WATCH OUT: If events not independent (their Venn Diagrams overlap):
[image: image36.wmf][image: image37..pict]On a number cube, probability you roll an even number AND a 2:
 
 
[image: image5.wmf]            X NOT 
[image: image6.wmf] 
Probability you roll an even number AND a number less than 4:

Probability of an even: ½, probability it is <4: ½,

probability of both (= probability you roll a 2): 1/6  (not ¼)
OR ( Plus

P(A OR B) = P(A) + P(B) – P(A AND B)
( Probability you roll an even number OR a 3 on a number cube?  
[image: image7.wmf]
 
Which makes sense since there are 4 out of 6 numbers: 2,3,4,6

( Probability you roll a total of less than 5 on two dice = P(2)+P(3)+P(4) =

 


[image: image8.wmf]       (You can’t roll a total of 2 AND a total of 3)
( WATCH OUT: If events not independent (Venn Diagrams overlap) you must subtract the chance that BOTH occur:

Probability you get Heads on your first flip OR you get Heads on 2nd flip:
 

[image: image9.wmf]

Conditional Probability
Q: A jar has 2 red jellybeans and 8 black ones.  What is the probability you get both reds if you take 2 jellybeans at random?

A: For your first one, you have 2 ways to get reds out of 10 to choose from, so your chance is 2/10=1/5.  GIVEN THAT YOU JUST DID THAT, you now have 9 left and only 1 red, so your chance of another red is just 1/9.   We multiply these to get the overall probability: 1/5 x 1/9 = 1/45.

Using a Probability Tree

Q: You play a dice game where if you roll a 5, you win.  If you don’t get a 5 but get an even, you get one more roll to try to get a 5.  What is your chance of winning?

A: Make a tree showing the paths chance could take you:


Now follow each path and multiply the probabilities:

Chance you win on first roll: 1/6

Chance you lose on first roll: 1/3

Chance you win on 2nd roll: ½ x 1/6 = 1/12

Chance you lose on 2nd roll: ½ x 5/6 = 5/12

Total of all possibilities: 2/12 + 4/12 + 1/12 + 5/12 = 12/12  CHECKS!

Combinations

You have 8 people and you divide them into a group of 3 and a group of 5.

How many ways can you do this?

1) If the order of both groups matters:  8! = 8x7x6x5x4x3x2x1

2) If the order of the 3 matters (such as 1st prize, 2nd, 3rd) but the order of the 5 does not matter:  8!/5!
3) If neither order matters: 
[image: image10.wmf]  (such as 3 go to their lockers, 5 don’t)
Listing all possible outcomes in a table

Q: You have two number cubes with sides numbered 1 to 6.  You roll them and multiply the numbers.  What is the probability that the product is a multiple of 3?

	
	1
	2
	3
	4
	5
	6

	1
	1
	2
	3
	4
	5
	6

	2
	2
	4
	6
	8
	10
	12

	3
	3
	6
	9
	12
	15
	18

	4
	4
	8
	12
	16
	20
	24

	5
	5
	10
	15
	20
	25
	30

	6
	6
	12
	18
	24
	30
	36


A: Let’s list all 36 possible cases as a chart.  Then we can just count them.

It looks like anything in row 3 or 6, or column 3 or 6 is a multiple of 3.  It’s easier to count the 16 that are NOT multiples of 3, so there must be 20 out of 36 that are multiples of 3, so the probability is 20/36 = 5/9.

Combinatorics – Partitions

Q: How many ways can you add positive integers (ignoring order) to get 4?

A: Here is the list: 4,  3+1, 2+2,  2+1+1, 1+1+1+1

We listed all of the sums of 1 number, then 2 numbers, then 3 numbers, etc.  to be sure we got them all.  So, there are 5 ways to get 4.  Partitions is just one of many areas of Combinatorics, which is the special word for this week.

Q: How many ways can you add positive integers to get 5?

A: There are 7.  Can you find them all?

Category 4

Arithmetic

Meet #5, March 2006

1.  For his daughter’s birthday, Thornton plans to buy one of five different models of bicycle, one of four different styles of helmet, and either a bell or a horn.  How many different set-ups of bicycle, helmet, and noise maker are possible? 

Hint: If he picks bike #1 and helmet #1, then there are 2 choices: bell or horn.  What if it’s bike #1 and helmet #2?
2.  There were 8 people stranded on a desert island when a lifeboat washed up on the beach.  Unfortunately, the lifeboat would only hold 4 people.  How many different groups of 4 people could be chosen from the 8 people to go off in the lifeboat?

Hint: The order of the people in the lifeboat doesn’t matter, same with the ones left behind.  This case of “neither order matters” is mentioned in the “Combinations” section on page 3.  You’ll need 8! in your calculation.
3.  In the game of Backgammon, there is a cube with the following powers of two on its six faces: 2, 4, 8, 16, 32, and 64.  Consider the possible sums you get when this cube and a number cube with whole numbers 1 through 6 are rolled together.  What is the probability that the sum of the numbers on the tops of the two cubes is a prime number?  Express your answer as a common fraction in lowest terms. 




Solutions to Category 4

Arithmetic

Meet #5, March 2006

1.  For each of the 5 different bicycles Thornton could buy, there are 4 helmet, and 2 noise makers.  We use the multiplication principle to calculate that there are 
[image: image11.wmf] different possible set-ups.   Combinatorics is “the science of counting.”   This is a combinatorics problem.  Combinatorics is the special word for the week.

2.  This is a “combination” problem, rather than a “permutation” problem, since the order in which the four people are chosen does not matter.  If it were a permutation problem, we would simply multiply as follows 
[image: image12.wmf].   But the same four people could be chosen in any of 
[image: image13.wmf] different ways, so we must divide 1680 by 24 to get 70 different groups of 4 people.  Using the general formula for combinations, we calculate as follows: 


[image: image14.wmf].

3. The 36 possible sums are shown in the table below with the 11 prime numbers in  bold.  The probability of rolling a prime sum is 
[image: image15.wmf].

Category 4

Arithmetic

Meet #5, March/April 2005

1.  A group of 8 astronauts has been training for a mission to mars, but only 5 of them will actually get to go to Mars.  How many different groups of 5 astronauts can be chosen from the 8 astronauts? 

Hint: The order of the 5 and the order of the 3 who remain don’t matter.   You can pick any of 8 to stay, then any of the remaining 7, and then any of the remaining 6, or 8x7x6 possibilities.  Then you must divide by the number of ways you can rearrange the 3 who remain, since it doesn’t matter what order you pick them in.

2.  Peter has a fair number cube with whole numbers 1 through 6 and a fair spinner with whole numbers 1 through 10.  If he rolls the cube and spins the spinner, what is the probability he gets a prime number in both places?  
Express your answer as a reduced fraction.

Hint: Find the probability of each separately and multiply, since they’re independent.

3.  Señor Generosa is going to give away a total of $28 to students in his math class.  For each proper factor of 28, there will be a prize of that number of dollars.  He will pick names at random from a hat, without replacement, and the prizes will be given out in order from least to greatest.  If there are 28 students in Señor Generosa’s class, how many different ways can the money be given out?

(Reminder:  A proper factor of a number is any factor besides the number itself.)



Solutions to Category 4

Arithmetic

Meet #5, March/April 2005 Average number of correct answers: 1.05 out of 3
1.  The situation calls for the combination 8 choose 5, which can be calculated as follows:


[image: image16.wmf]
2. The prime numbers on the number cube are 2, 3, and 5, which is 3 out of 6 numbers.  The prime numbers on the spinner are 2, 3, 5, and 7, which is 4 out of 10 numbers.  The probability that he gets a prime number on both the number cube and the spinner is the product of the individual probabilities.  Thus, we get 


[image: image17.wmf].

3.  First of all, we have to look at the proper factors of 28.  They are 14, 7, 4, 2, and 1.  It turns out that the sum of the proper factors of 28 is 28, which is why it is called a perfect number.  This means that Señor Generosa will give out all $28 to five lucky students.  It does make a difference if a particular student gets $14 or $1, so this is a permutation, not a combination.  So the money can be given out in the following number of ways:


[image: image18.wmf].

Category 4

Arithmetic

Meet #5, April 2004

1.  Hadley has pizza for lunch three out of every five days and drinks chocolate milk one out of every three days.  What is the probability that she has pizza and chocolate milk on any given day?  Express your answer as a simple fraction in lowest terms.

Hint: We can assume that pizza and chocolate are independent, so you can multiply their probabilities.

2.  Aaron, Beth, Cecille, Darius, Edward, Fred, Gabrielle, and Herbert plan to run  in a race.  At the awards ceremony, the first, second, and third place runners will stand on a platform such as  the one shown here for a photograph.  The photographer won’t be able to attend the awards ceremony, so he had the eight runners pose for all the possible ways that three of them could place first, second, and third.  How many different photographs did the photographer take if each possibility was photographed just once?  


Hint: The order of the 3 does matter but the order of the other 5 does not.

3.  Aaron, Beth, Cecille, Darius, Edward, Fred, Gabrielle, and Herbert were climbing in the Himalayas.  They agreed that three of the eight should stay at base camp while the other five attempt the summit.  How many different groups of three people from the eight people can be chosen to stay at base camp?



Solutions to Category 4

Arithmetic

Meet #5, April 2004

1.  The event that Hadley has pizza and drinks chocolate milk is often refered to as a compound event.  We can multiply the probabilities of the individual events to find the probability of the compound event.  Doing so, we get 
[image: image19.wmf].

2.  There are 8 possible first place winners.  For each of these eight possible first place winners, we must consider 7 possible second place winners and 6 possible third place winners.  Thus, the photographer would need to take 8 ( 7 ( 6 = 336 different pictures.  This is known as a permutation and also calculate as follows:


[image: image20.wmf]
3.  In choosing this group of three from the group of eight, there is no special significance to being chosen first, second, or third.  In other words, the selection of Aaron, then Beth, then Cecille is no different than the selection of Aaron, then Cecille, then Beth, since the same three people will stay at base camp.  If we divide the 336 from question 2 by the number of different ways that three people can be arranged, which is 3 ( 2 ( 1 = 6, we get 336 ÷ 6 = 56 different groups of three people from the eight people.  This is a combination problem.  In the language of combinatorics, we say “eight choose three is fifty-six.”  We can calculate as follows:


[image: image21.wmf]
Category 4

Arithmetic

Meet #5, April 2003

1.  Octahedral dice have eight congruent faces numbered 1 through 8.  If two octahedral dice are rolled, what is the probability that the sum of the numbers on the top faces of the dice is at least 10 (10 or more)?  Express your answer as a fraction in lowest terms.

Hint:

	Total on 2 dice
	16
	15
	14
	13
	12
	11
	10

	How many ways to get this?
	1
	
	
	
	
	
	



2.  Nine middle school students collected signatures to petition their principal for a field trip to the Mathematicians’ Hall of Fame.  The average number of signatures collected by the nine students was 23.  One of the students then lost a piece of paper that had 18 signatures on it.  If the average number of signatures collected by the nine students is recalculated after the loss of the paper, what would the new average be?  Express your answer to the nearest whole number.

Hint: Total number of signatures before losing any?   Total after losing 18?  Average for the 9 students?

3.  On the Greedy Grab game show, a contestant who answers a question correctly is blindfolded and draws two bills from a bag.  If the bag was initially stocked with 1 one-hundred dollar bill, 2 fifty-dollar bills, 3 twenty-dollar bills, and 4 ten-dollar bills, what is the probability that a contestant who answers a question correctly will draw at least one hundred dollars total?  Express your answer as a fraction in lowest terms.




Solutions to Category 4

Arithmetic

Meet #5, April 2003

1.  The table below shows the possible sums when two octahedral dice are rolled.

	+
	1
	2
	3
	4
	5
	6
	7
	8

	1
	2
	3
	4
	5
	6
	7
	8
	9

	2
	3
	4
	5
	6
	7
	8
	9
	10

	3
	4
	5
	6
	7
	8
	9
	10
	11

	4
	5
	6
	7
	8
	9
	10
	11
	12

	5
	6
	7
	8
	9
	10
	11
	12
	13

	6
	7
	8
	9
	10
	11
	12
	13
	14

	7
	8
	9
	10
	11
	12
	13
	14
	15

	8
	9
	10
	11
	12
	13
	14
	15
	16


There are seven ways to roll a sum of 10, six ways to roll a sum of 11, five ways to roll a sum of 12, etc.  Of the 8 • 8 = 64 different ways the dice can land, 28 of them produce a sum that is at least 10 (10 or more).  Thus the probability of such a roll is  
[image: image22.wmf].

2. The original average was 23 signatures collected per student.  Since we know that nine students collected these signatures, we can compute the total number of signatures collected by multiplying 23 by 9, which is 207 signatures.  Although we have no idea how many signatures were collected by any of the nine students, we know that the total went go down by 18 when one student lost the sheet of paper.  The total number of signatures is now 207 – 18 = 189 and the average number of signatures per student is now 189 ÷ 9 = 21.
3.  To draw at least $100, a contestant could 
( draw the $100 bill first, with a probability of 1/10,  or, 
( draw the $50 first (2/10), in which case the second bill must be either $50 or $100 (2/9 because there is one $100 and one $50 left, and 9 bills total to choose from), with a probability of 2/10 x 2/9 = 4/90, or, 
( draw a $10 or $20 first (7/10 probability), and then the $100 on the second draw: 7/10 x 1/9 = 7/90.
Adding these three alternative cases gives 9/90 + 4/90 + 7/90 = 20/90 = 2/9.

Category 4

Arithmetic

Meet #5, April, 2002

1.  Jerry’s average for the first 6 quizzes in the quarter was 91%.  He knows that there will be four more quizzes and that one of those quizzes is on a topic that he hates.  If he aces the other three quizzes, what is the worst score he can get on one quiz and still maintain an average of 90%?  (Note:  The top score on a quiz is 100% and Jerry’s teacher never rounds up, so he must get an average of exactly 90% or better to receive an A-.)   

Hint: Total number of points on first 6 quizzes?  Add on the 300 he’ll get on the 3 he aces.  What must the total of 10 quizzes be if the average is exactly 90%?
2.  There are 5 red lollipops, 3 purple lollipops, and 4 green lollipops in a basket at the bank.  Assuming that each of the flavors is equally likely to be picked, what is the probability that the next three lollipops taken from the basket will be green?  Express your answer as a fraction in lowest terms.

Hint: We start with 12.  If the next one is green, there are now 11, with only 3/11 of them green.  If you get green again, there are 10 left with 2/10 of them green.
3.  A pair of number cubes each have the following powers of 2 on their six faces:  1, 2, 4, 8, 16, and 32.  If the pair of number cubes is rolled and the numbers showing on top are added, what is the probability that the sum is a multiple of 3?  Express your answer as a common fraction in simplest form.

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 4

Arithmetic

Meet #5, April, 2002

	Answers

1.  54 or 54%

2.  


3.  


	1.  If Jerry’s average for the first 6 quizzes is 91%, then the sum of his scores is 

.  To earn a 90% average on ten quizzes, he must have a sum of 900 percentage points.  If he earns 100% on three of the quizzes he will have a sum of 

.  This means that he must earn at least 54% for the quiz on the topic that he hates.

2.  The probability that the next lollipop taken from the basket is green is 4 out of 12 or 

.  After that there are only 3 green lollipops among the 11 lollipops in the basket, so the probability is 

.  For the third lollipop to be green, the probability is 

.  The probability that three green lollipops will be taken in succession is the product of these separate probabilities, or 

.


3.  Of the 36 possible rolls of the number cubes 18 give a sum that is a multiple of 3, as shown in the table.  Thus the probability is 

.




Category 4

Arithmetic

Meet #5, April 2001

1.  Two number cubes are rolled.  Each number cube has the whole numbers 1 through 6 on its six faces.  What is the probability that the product of the two numbers on the top of the cubes is a multiple of six?  Express your answer as a fraction in lowest terms. 

Hint: Making a chart of the 36 possible outcomes is the best way to be sure you have the correct answer.  Or, you can list the combinations that multiply to 6n: anythingx6, 2x3, 3x4 and try to list all of these in either order, without listing any twice by mistake.
2.  There are 6 butterscotch and 8 peppermint candies in a jar.  What is the probability of drawing first a butterscotch and then a peppermint candy from the jar?  Express your answer as a fraction in lowest terms.

Hint: After you take a butterscotch, there are only 13 candies left.
3.  Albert had an average of 88% on six quizzes, all of which were weighted equally.  If 100% is the highest score he could have received on any of the quizzes, what is the lowest possible score he could have received on one of the quizzes?  Express your answer to the nearest percent.

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 4

Arithmetic

Meet #5, April 2001

	Answers

1.  
[image: image23.wmf]
2.  
[image: image24.wmf]
3.  28%
	1.  A multiplication chart is helpful in answering this question.


[image: image25.wmf]
Out of 36 possible outcomes, 15 are multiples of 6, hence 
[image: image26.wmf] or 
[image: image27.wmf] is the probability that the product of the number cubes is a multiple of 6.

2.  The first candy drawn from the jar is to be a butterscotch candy.  There are 6 butterscotch out of 14 candies total, so the probability of drawing a butterscotch is 
[image: image28.wmf].  Now we must choose one of the 8 peppermint candies from the 13 remaining candies in the jar.  The probability of this happening is 
[image: image29.wmf].  The probability of these two events happening in succession is the product of their probabilities:


[image: image30.wmf]
3.  If Albert averaged 88% on six quizzes, then the sum of his six unknown scores is 
[image: image31.wmf]  If he received 100% on five of the quizzes, 28% is the lowest score he could have received on the sixth quiz.






















































































M5C4














A total of 16 OR a total of 15 OR …   you can add these up!  Don’t forget to divide by the number of possible outcomes on 2 8-sided dice: 64. 





8+2,7+3,6+4,5+5,�4+6,3+7,2+8





7+8 or 8+7





Hint: This is hard, even the original problem in the meet had the incorrect answer.  Study the above arrows and fill in the missing probabilities.





Heads on


Both:1/4





    H  2nd





H  1st 





Hint: The order of the 3 who stay behind doesn’t matter, and the same for the 5 who go.





Hint:  How many proper factors of 28 are there?  (counting 1 but not 28)�Here, it DOES matter what order the prizes are awarded, but it does not matter what ‘order’ the non-prize-winning students are in.





        <2





Even





Venn Diagram:





	Even





2





You may use a calculator today!





You may use a calculator today!





Answers





1. � EMBED Equation.3  ���





2.  21





3.  � EMBED Equation.3  ���





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  � EMBED Equation.3  ���





2.  336





3.  56





























Hint:  Write all the possible sums, with some written more than once. �For example, 2+1, 2+2, 2+3, 2+4, 2+5, 2+6.  Then 4+1, 4+2, …


Then mark all the sums that are primes.





Answers


  1.  _______________


  2.  _______________


  3.  _______________








+�
2�
4�
8�
16�
32�
64�
�
1�
3�
5�
9�
17�
33�
65�
�
2�
4�
6�
10�
18�
34�
66�
�
3�
5�
	7�
11�
19�
35�
67�
�
4�
6�
8�
12�
20�
36�
68�
�
5�
	7�
9�
	13�
21�
	37�
69�
�
6�
8�
10�
14�
22�
38�
70�
�






Answers





1.  40 *





2.  70





3.  � EMBED Equation.3  ���








* Special info in the solution





You may use a calculator today.





M5C4





2, 4 or 6 


P=1/2





Lose.





Yay!





Roll 5


P=1/6





Lose.





1 or 3


P=1/3





1,2,3,4 or 6 


P=5/6





Yay!





Roll 5


P=1/6





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers


  1.  _______________


  2.  _______________


  3.  _______________








Third





First





Second





You may use a calculator today!





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  56





2.  � EMBED Equation.3  ���





3.  11,793,600





Hint: Total number of points on the 6 quizzes = ?


If 5 of these were 100’s, what must the 6th have been?





Hint: Notice that 1,4,16 are all one MORE than a multiple of 3, and 2,8,32 are all one LESS than a multiple of 3.   If you add one from each set, you get a multiple of 3.


OR you can list all 36 possible outcomes and see which ones add up right.





7/10





2/10





1/10





Draw $100 or $50 next





Draw $100 next





Draw $10 or $20 first


7/10





Draw $50 first








Draw $100 first
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