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Meet #5 – Category 3

M5C3
Number Theory 
Self-study Packet 

Problem Categories for this Meet (in addition to topics of earlier meets):

1. Mystery: ? 

2. Geometry: Solid geometry (volume and surface area) 

3. Number Theory: Set theory, Venn diagrams (and permutations *)

4. Arithmetic: Combinatorics (counting, permutations, combinations) and Probability 

5. [image: image24..pict][image: image25.png]Cross St



[image: image26..pict]Algebra: Solving quadratics with rational solutions, including word problems 

[image: image27.bmp]

Thanks to www.imlem.org for the problems.

Questions?  Suggestions?  Please contact kipbryan@gmail.com
* secret word for this packet

Meet #5 – Number Theory -- Ideas you should know:
Sets: {A, B, C, D, …} is the set of letters.  B, C are members or elements.
{1, 2, 3, 4, 5, …} is the set of Natural Numbers or Counting Numbers.

Sets can be finite, like the set of people in the room, or infinite, like the set of points inside a certain circle.

Null, or Empty Set: The set with no elements, written as {} or ( or (
{All girls under 2 years old who are taller than 7 feet} is an empty set

Subset: A second set whose elements are all in the first set.

{A} is a subset of {A, B, C}
        {1, 3} is a subset of {1, 2, 3, 4}

{odd integers} is a subset of {all integers}

The null set is a subset of every set.

The subset symbol is (, which is similar to ≤  – “equals is ok.”

Proper Subset: A subset that does not include the set itself.

{A} is a subset of {A} but it is NOT a Proper Subset of {A}

The Proper Subset symbol is ( which is similar to < because = is not ok.

Example: Is {A} ( {A} ?    Answer: No, it’s not a proper subset.

Example: How many proper subsets are there of {}?  Answer: Zero.

How many subsets?

Example: How many subsets are there of {A, B, C} ?

Answer: 8 subsets.  {}, {A}, {B}, {C}, {A,B}, {A,C}, {B,C}, {A, B, C}

Example: How many subsets are there of a set with N elements?

Answer: 2N subsets.   Each element can be in or out, taken over N elements.

Union of sets: Combine the elements but no duplicates.

The Union symbol is U or (:    {A,B}U{C} = {A, B, C}

{A} U {A, B} U {B} = {A, B}

{even integers} U {odd integers} = {all integers}

Intersection of sets: Only elements that are in both sets. 
The I(tersection symbol is the upside-down U: 
[image: image28.bmp] or (
Example: What points are in common between
 
Main and Cross Streets in this picture?

Answer: The gray points in the intersection.

Example: What is {A, B}({B,C,D}?    Answer: {B}
Category 3

Number Theory

Meet #5, March/April 2016

1.  This diagram shows sets of students in Mr. Venn’s class who do at least one activity.  The numbers show how many students are like that.  For example, there are 4 students who are on both the Math team and Band but don’t play Soccer.    How many students are in the most popular activity?



Hint: Add up the numbers within each oval.


2.  If ( means Union (join two sets but no duplicates) and ( means Intersection (what is in BOTH sets), then what is the SUM of the members of this new set?


  [  {2, 3, 4, 5, 6, 7, 8}  (  {odd numbers} ]        (      { 0, 5 }

Hint: First do the intersection on the left.  How many odd numbers are there in the set?


3.  Sam and Tony were trying to find the answer to a math question:
“How many multiples of 3 or 5 are there from 1 to 50, inclusive?”
Sam said there were 16 multiples of 3, and 10 multiples of 5.

Tony figured 16+10 = 26 so there must be 26 multiples of 3 or 5.

Sam knew this was wrong because 15 is counted twice! 

Can you help Tony and Sam find the answer?  What is it?


Solutions to Category 3

Number Theory

Meet #5, March/April 2016


1.  Each Band has 1+4+0+3=8, Soccer has 0+3+2+3=8, and Math Team has 4+2+3+2=11, so Math Team is the most popular activity, not that there was any doubt.

2.  The intersection of {2,3,4,5,6,7,8} with {odd numbers} is the set that has members in BOTH those sets: {3,5,7} are the only members in both sets.  Now we need to Union or join this with the set {0,5} which gives the new set {0,3,5,7}.  Notice we don’t count 5 twice!    The sum of these numbers is 15.

3.  There are 3 multiples of 15: 15,30,45 and these are multiples of both 3 and 5, so Tony was counting these twice, so we can subtract this extra from his answer of 26 to get 23.  Here they are:

3,5,6,9,10,12,15,18,20,21
24,25,27,30,33,35,36,39,40,42
45,48,50

Category 3

Number Theory

Meet #5, March/April 2017


1.  Mrs. Falsetto was arranging Katie, Lauren,  Matthew, and Nick who were going to sing at the math meet on Thursday.  She would put them in a line but keep Katie on the left end because Katie was doing a solo.  How many possible arrangements of the students could there be?


Hint: There are 3 open positions and 3 singers left.  How many choices are there for the next position?


2.  Oskari has a new way to make money.  He’d have 4 cards labeled A, B, C, and D and he’d shuffle them (mix them up) and put them on the table face down in a pile.  He turns over the top one and shows it to you.  You then pay him 25 cents and try to guess what is the order of the next three.   If you’re right, he gives you a dollar.  Stephen figures it’s a great deal because there are only 3 cards left. 
a) If the card Oskari shows is D, how many possible arrangements are there of the remaining cards?

b) What is the probability that Stephen will win a dollar if he guesses B,C,A ?


3.  Five students, Alexis, Caleb, Kota, Priyanha, and Olivia, were in a math relay race.  Two at a time (a pair of students) would run to the other end of the room and do a problem and run back.  For example, first pair might be Alexis+Caleb, and then Alexis+Kota, Alexis+Priyanha, etc. ending with Priyanha+Olivia.   (The order of the pair doesn’t matter, so Caleb+Kota is the same as Kota+Caleb.)  If all possible pairs of students did this once, how many problems would the group of 5 do all together?




Solutions to Category 3

Number Theory

Meet #5, March/April 2017


1.  The 6 possible arrangements are:

KLMN, KLNM, KMLN,KMNL,KNML,KNLM
It turns out their act was a hit and they called themselves the “Permutations.”  They specialized in rearranging their songs in all possible ways, and persuaded their math team coach to use the group name as a special word for Number Theory.


2.  There are 6 possible arrangements of the remaining 3 cards: ABC,ACB,BAC,BCA,CAB,CBA.
If Stephen guesses BCA, there is a 1/6 probability he wins.  On average he’d lose about 8.3 cents every time he bets, assuming he doesn’t have special powers of guessing.  Unfortunately for Oskari, the authorities came and told him that only the state lottery is allowed to make money like this.  So, he had to give back the $200 that he won from Stephen.

3.  There are 4 pairs including Alexis: AC,AK,AP,AO.
There are 3 pairs including Caleb if we don’t count the AC we already did: CK,CP,CO.
There are 2 pairs including Kota (not counting the AK and CK we already did above): KP,KO
There is 1 pair left: PO

So, there are 4+3+2+1=10 pairs total and so we need 10 problems.


Category 3

Number Theory

Meet #5, April 2018

1.  If set A ={1  2  3  4  5  6  7} and set B = {1 2}, which of these are NOT TRUE?

a.   {} ( A


(The empty set is a subset of set A)


b.   (B ( ()  ( A

(B union the empty set is a subset of A)


c.   (B ( {})  ( {7}
(The intersection of B and the empty set is a proper
 



 subset of the set containing just 7)


d.  (B ( A)  ( A

(B union A is a subset of A)


e.  (B ( A)  ( A

(The union of B and A is a proper subset of A)


Hint: Less than two of these are false.


2.  Binary and Subsets:  When you write a 4-digit number in base 2 (binary), such as 10112, that is like picking a subset of a set of 4 members.  For example, take the set C ={Clubs, Diamonds, Hearts, Spades}.  The number 10112 corresponds to {Clubs,    Hearts, Spades} (leaving out Diamonds because of the zero.)

If A and B are subsets of C, and A corresponds to 10012, and B corresponds to 10102, what is A ( B? 

Hint: ( means Intersection – what is in both sets.


3.  Sometimes sets are written like {n | n is even and n>2}
which you can read as “the set of all numbers n where n is 4, 6, 8, etc.”  You could write the set {1, 6, 11, 16, 21, …} (one more than a multiple of 5) this way:
    { 5·n+1 | n is a whole number and nù0 }
What is the intersection of these two sets A and B?

       A = { 2·n + 1 | n is whole number and 2<n<6 }  and
       B = { n          | n has at least one factor other than 1 and itself }




Solutions to Category 3

Number Theory

Meet #5, April 2018


1.  Since B={1 2} is a subset of A={1 2 3 4 5 6 7}, we know that B(A is the same as A.  A set cannot be a proper subset of itself, though it is a regular subset of itself, so e is false.
The others are true:
a.  The empty set is a subset of all sets
b. B ( ( is just B, and B is a subset of A.
c. B intersects empty set is the empty set, and the empty set is a subset of all sets, including {7}

d. (B ( A)  is just A, and A is a subset of itself.

2.  The subset A corresponding to 1001 is {Clubs, Spades} and B is 1010 or {Clubs, Hearts}.  Their intersection is just {Clubs}.  Note that there are 16 possible 4-digit numbers in base 2 and also 16 possible subsets of a 4-member set.

3.  The first set A:
       { 2·n + 1 | n is whole number and 2<n<6 }  and
has n taking the values 3, 4, 5 and so 2n+1 takes the values 7, 9, 11.    The second set B:
       { n          | n has at least one factor other than 1 and itself }

is composite numbers.
Out of the first set, only 9 is a composite number, having 3 as a factor, so the intersection set has just 9 in it: {9}
  


Category 3

Number Theory

Meet #5, March 2006 On average, students got only 1 of these 3 in the meet.  Can you do better?
1.  In a class of 23 students, there are 19 mouths that speak but only 11 heads that think.  If there is only one student in the class who neither speaks nor thinks, how many students think but don’t speak?


Hint: Imagine putting all 23 in a line, speakers on the left, etc. as shown.  22 do something:

2.  The rectangle at right represents the “universe of discourse.” That’s a fancy way of saying “everything we are talking about,” which in this case is positive whole numbers.  One circle contains the perfect square numbers, one circle contains the powers of two, and one circle contains the factors of 576.  Find the sum of all the numbers that belong in region A.

Hint: A good way to start is to list all the factors of 576 that are also powers of 2, such as 1, 2, 4, 8, …
Region A is outside of Perfect Squares, so it can’t include 16, which is a factor of 576 and also a power of 2.
3.  Let the 500 students at De Morgan’s Middle School be our universe of discourse. Let M be the set of the 120 students who compete in math contests and let C be the set of the 150 students who sing in chorus.  There are 70 students who participate in both of these activities. The complement of a set is the set of all the elements that are not in the set but are still in the universe of discourse.  How many students are in the complement of 
[image: image2.wmf]?  In set notation, we are looking for 
[image: image3.wmf], where the horizontal bar denotes the complement and the vertical bars indicate the size of the set.




Solutions to Category 3

Number Theory

Meet #5, March 2006

1.  There are 23 students in the class, but one student neither speaks nor thinks, so there are 22 students who either speak or think or both.  Since 19 + 11 = 30 and 30 – 22 = 8, there must be 8 students who speak and think.  This means there are 11 – 8 = 3 students who think but don’t speak. 

2.  We are looking for the powers of two that are factors of 576 and are not square numbers. The powers of two are: 1, 2, 4, 8, 16, 32, 64, etc.  Every other power of two is a square number, namely: 1, 4, 16, 64, etc.  The powers of two that are not square numbers are 2, 8, 32, 128, etc.  We need to find the largest power of 2 that is a factor of 576.  It turns out that 576 = 64 x 9.  Thus the sum we are looking for is 2 + 8 + 32 = 42.

3.  If you add the 120 students who compete in math contests and the 150 students who sing in chorus, you are double counting the 70 people who do both activities.  Thus, there are 120 + 150 – 70 = 200 students at De Morgan’s Middle School who participate in at least one of these two groups. In other words, 
[image: image4.wmf].  There must be 500 – 200 = 300 students who do neither activity, which means 
[image: image5.wmf].  


Category 3

Number Theory

Meet #5, March/April 2005

1.  Set A = {a, b, c, d}.  How many subsets are there for set A?  Note: A subset of set A is a set containing all, some, or none of the elements in set A.

Hint: If you know base 2, this is similar, where 1=the letter is there, 0=that letter is missing.  The problem then becomes “how many numbers are there from 0000 to 1111?”


2.  Set A is the multiples of 7.

Set B is the natural numbers that leave a remainder of 2 when divided by 5.

Set C is the multiples of 13.

Set D is the natural numbers that leave a remainder of 3 when divided by 5.

Set E is the natural numbers less than 50.

How many elements are in the set 
[image: image6.wmf]?

Hint: Because of the “intersects with E” at the end, you only need to look at numbers from 1 to 49.

3.  Of the 125 members of the “Divers Down” scuba club, 70 have been to the coral reefs, 80 have explored the shipwreck, and 60 have visited the underwater caves.  Thirty-eight have been to both the coral reefs and the shipwreck, 42 have been to both the shipwreck and the caves, and 34 have been to the coral reefs and the caves.  Only 23 divers have been to all three sites.  How many members of the “Divers Down” scuba club have not been to any of these sites? 




Solutions to Category 3

Number Theory

Meet #5, March/April 2005 Average number of correct answers: 1.06 out of 3

1.  Each elements in set A can either be included or excluded when making a subset.  This means we have two choices for each of the four letters in set A, so there are 
[image: image7.wmf] possible subsets.  They are: {}, {a}, {b}, {c}, {d}, {ab}, {ac}, {ad}, {bc}, {bd}, {cd}, {abc}, {abd}, {acd}, {bcd}, and {abcd}.  The empty brackets, {}, indicate the empty set or null set.  The symbol Ø is also used for the null set.

2.  Set A is {7, 14, 21, 28, 35, 42, 49, ...}.

Set B is {2, 7, 12, 17, 22, 27, 32, 37, 42, 47, ...}.

Set C is {13, 26, 39,...}

Set D is {3, 8, 13, 18, 23, 28, 33, 38, 43, 48, ...}

A intersect B and is everything that is in both A and B, so  
[image: image8.wmf] is {7, 42,...}.   Similarly, 
[image: image9.wmf] is {13,...}. The union of 
[image: image10.wmf] and 
[image: image11.wmf] is {7, 13, 42, ...}.  We can end our search here, since the last step is to intersect with set E, the numbers less than 50.  Thus, the set 
[image: image12.wmf] has just 3 elements.  

3.  Since 23 divers have been to all three places and 38 have been to both the coral reefs and the shipwreck, we can determine that 38 – 23 = 15 divers have been to both the coral reefs and the shipwreck but not to the caves.  Similarly, 19 people have been to the shipwreck and the caves but not to the coral reefs, and 11 have been to the coral reefs and the caves but not to the shipwreck.  From here we can find out the numbers of divers that have been to only one of the three sites since we know the totals for each site.  If we add up all seven regions of the Venn diagram shown at left, we find that only 119 divers have been to at least one site.  That means there are 125 – 119 = 6 members of the club who haven’t been to any of the three sites.   We can get this result directly as follows

125 – 70 – 80 – 60 + 38 + 42 + 34 – 23 = 6.

Category 3

Number Theory

Meet #5, April 2004

1.  A set of attribute blocks contains one each of all possible combinations of four colors, five shapes, and two sizes.  The colors are red, blue, green, and yellow.  The shapes are triangles, squares, rectangles that aren’t squares, hexagons, and circles.  The sizes are large and small.  If all the blocks in the set are placed according to the set rules shown in the Venn diagram below, how many blocks will be placed in the center region? 


Hint: Note that two of the five shapes are quadrilaterals.

2.  Set A is all the positive integer multiples of 7.  Set B is all the positive integers that are 5 less than integer multiples of 8.  Set C is all positive integers less than 100.  How many elements are there in 
[image: image13.wmf]?  

Hint: Since you’ll intersect with C anyway, you only need to go from 1 to 99.  Start with B: 3, 11, etc. counting by 8 until you find one that is a multiple of 7.  Then keep going!

3.  Circle 1 consists of the letters in the word MATH, circle 2 consists of the letters in the word TEAM, and circle 3 consists of the letters in the word TEACHER.  Find three common three-letter words that can be formed from the letters in the shaded regions of the Venn Diagram below.

[image: image14.wmf]


Solutions to Category 3

Number Theory

Meet #5, April 2004

1. The shapes qualifying for the center region are those that are not red, not quadrilateral, and not large.  In other words, they can be any of the three other colors (blue, green, and yellow), they can be any of the three other shapes (triangles, hexagons, and circles), and they must be small.  There are 3 ( 3 ( 1 = 9 such shapes.  If you must know what they are, here is the list:  

the small blue triangle,

the small blue hexagon,

the small blue circle,

the small green triangle,

the small green hexagon,

the small green circle,

the small yellow triangle,

the small yellow hexagon, and

the small yellow circle.

2.  
[image: image15.wmf] = 
[image: image16.wmf].  In words, this means we need only consider the members of sets A and B that are less than 100.  
[image: image17.wmf] = {7, 14, 21, 28, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98} and 
[image: image18.wmf] = {3, 11, 19, 27, 35, 43, 51, 59, 67, 75, 83, 91, 99}.  There are 14 elements in 
[image: image19.wmf] and 13 elements in 
[image: image20.wmf], but they have two elements in common, namely 35 and 91.  Thus, there are 14 + 13 – 2 = 25 elements in 
[image: image21.wmf].

	3.  The Venn Diagram at right shows where the letters should be placed.  The three letters in the two shaded regions are A, T, and E.  The three common three-letter words are ATE, EAT, and TEA.  


	[image: image22.wmf]


Category 3

Number Theory

Meet #5, April, 2002

1.  Given the following sets and the Venn diagram, find the sum of the numbers in the shaded regions.

	


	




Hint:This is hard, but go step by step.  For example, the upper left gray area isall number in A, B, C but not in D.  Find those numbers and write their sum.  Then do the other 2 gray areas.
2.  Set A is all the positive factors of 105.  Set B is all the positive integers that are less than 22 and relatively prime to 22.  How many elements are there in 

?  (Note:  Two numbers are relatively prime if their GCF is 1.)

Hint: First find all factors of 105 that are less than 22.  Don’t forget 1!
3.  Of the 141 students in the 8th grade at Pleasant Town Middle School, 71 sing in the chorus, 84 play soccer, and 68 are girls.  Exactly half of the girls who play soccer also sing in the chorus, but only one third of the boys who play soccer sing in the chorus.  Of the 35 students in the chorus who don’t play soccer, 

 are boys.  There are 24 girls who sing in the chorus and play soccer.  How many girls in the 8th grade at Pleasant Town Middle School don’t play soccer or sing in the chorus? 

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 3

Number Theory

Meet #5, April, 2002

	Answers

1.  11

2.  6
3.  13
	1.  The numbers from each set have been placed in their appropriate places in the diagram below.  The sum of the numbers in the shaded regions is 

.




2.  Set A = 

.  Set 
B = 

.  The intersection of these two sets is all the elements common to both, so 

. There are six (6) elements in 

.


	3.  Using a Venn diagram, we can first place a 24 in the center for the 24 girls who sing in the chorus and play soccer.  Next, the other half of the girls that play soccer (those who don’t sing in the chorus) must also be 24.  There must be 36 boys who play soccer, since 

.  One third of these 
	




boys, or 12, also sing in chorus and two thirds, or 24, don’t sing in chorus.  Four fifths of 35 is the 28 boys in chorus who don’t play soccer.  The remaining fifth of 35 is the 7 girls in chorus who don’t play soccer.  That leaves 

 girls who don’t sing in the chorus and don’t play soccer.  (Incidentally, there must be 9 eighth grade boys who don’t play soccer or sing in the chorus, since there are 141 eighth graders and only 132 people in the diagram.)

Soccer


84 total








(





24





 





Speak (19)





 





Chorus 


71 total








 





 19 speak





A natural number is a counting number, 1, 2, 3, …





Hint: On a larger sheet of paper, make a Venn diagram with 3 circles.  The hard part is not getting confused.  Write 23 in the center where all 3 circles intersect, and then reread the problem writing numbers as you can.





Hint: In the first set, write the values of n that are whole and between 2 and 6.   Now write, under each, 2n+1.  For example, if n=3, 2n+1=7.





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Positive whole numbers





Factors of 576





Powers of 2





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  9





2.  25





3.  ATE, EAT, 


and TEA





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Not Quadrilateral





Not Large





Not Red





You may use a calculator today!





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Soccer





Caves





Ship-�wreck





M5C3





Coral Reefs





23





7





21





11





19





15





23





Math Team





Answers


  1.  _______________


  2.  _______________


  3.  _______________








You may use a calculator today!





Intersection





Main St





42





34





38





60





70





80





Answers





1.  16





2.  3





3.  6





You may use a calculator today!





A





You may use a calculator today!





Perfect


Squares





Band





3





2





4





0





3





2





1





Inclusive means “including 1 and 50”





10 fives:


{5,10,15,20,25,�30,35,40,45,50}





16 threes:


{3,6,9,12,�15,18,21,24,�27,30,33,36,�39,42,45,48}





Both





Answers





1.  11





2.  15





3.  23





Answers


  1.  _______________


  2.  a)_____ b)______


  3.  _______________








(





(





(





Hint: Using just the first letter of each student, we have A C K P and O.  What are all pairs that include A?  Then, what are all pairs that include C (but not counting AC again.)





* Read the solution too for valuable information.





 





You may use a calculator today.





Answers





1.  e





2.  {Clubs}





3.  {9}





Answers


  1.  _______________


  2.  _______________


  3.  _______________








You may use a calculator today!





2n





{}





(





(





You may use a calculator today!





Answers





1.  6 *





2.  6, 1/6





3.  10





Hint: First, find the letters that are in all 3 words and write in the center.
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Girls


68 total





(





Answers





1.  3





2.  42





3.  300





11 think_ 





23 Students





1 (neither speaks nor thinks)





Hint:Use the Venn Diagram started below (not part of the original problem).�Underline a fact whenever you use it so you know what’s left.





Think (11)
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11





 





8





 





1





23





Hint: There are 4 kinds of students: sing only, math only, sing and math, and neither.  See if you can find how many are in each group.  For example, if 120 do math, and 70 do both, how many do math but NOT sing?
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Not Sing





Not Math





50











70





Math (120)





80





Sing�(150)





Not Math





Not Sing





50





300





70





Math (120)





80





Sing�(150)





M5C3
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