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IMLEM
Meet #5 – Category 2
M5C2
Geometry
Self-study Packet 

Problem Categories for this Meet (in addition to topics of earlier meets):

1. Mystery: ? 

2. Geometry: Solid geometry (volume and surface area) 

3. Number Theory: Set theory, Venn diagrams 

4. Arithmetic: Combinatorics (counting, permutations, combinations) and Probability 

5. Algebra: Solving quadratics with rational solutions, including word problems 

Thanks to www.imlem.org for the problems.

Questions?  Suggestions?  Please contact kipbryan@gmail.com
Meet #5 – Geometry – Ideas you should know
What is a Prism: 

Take any base B you can draw on a paper and extend it up:

[image: image44..pict]
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Surface area of a Prism: Area of the bases plus area of the sides.

The area of the sides is the perimeter of the base times h, the height (h must be perpendicular to the base.)


Example: What is the surface area of this cylinder of height h and radius r?

Answer: The circle base area B = (r2.  The perimeter of the circle is 2(r, so the curved side has an area of 2(rh, so the total surface area is 2(r2 + 2(rh.

Volume of a Prism:  Area of the base times the height h.

Example: What is the volume of this cylinder of height h and radius r?

Answer: The circle base has an area of (r2,  so the volume is (r2h.

Example: What is the volume of a cylindrical pizza of thickness a and radius z?

Answer: pi zz a

Example: What is the volume of this solid cube of 
side length 8 with a cylindrical hole in it of radius 1?

Answer: Area of base:   SHAPE  \* MERGEFORMAT 


 B= 82 - (r2 = 64 - (
Volume = Bh = 8B = 8(64-() = 512 - 8(.

Volume of a Pyramid or Cone:  One-third of the prism with same base and height.




Volume of a sphere:  
[image: image2.wmf]
Example: What is the volume of a bowl of diameter 10 inches if it is a half of a sphere?

Answer: r=5, volume of half-sphere would be ½ · (4/3)·(·r3
Or (2/3) ( 53 = 250/3 · ( = 524 cubic inches.

Example: You have a solid sphere of diameter 2 that fits exactly in a cylindrical can of diameter 2 and height 2.  What fraction of the can is empty (outside the ball but inside the can)?

Answer: Volume of can = (r2h = (122 = 2(
Volume of sphere = 4/3·(r3 = 4/3·(
Fraction filled by sphere: (4/3·() / (2() = 2/3

Empty fraction, which is the magic value for Geometry: 1/3


Surface area of a sphere: 
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Example: What is the surface
area of a soccer ball of radius
5 inches?
Answer: 4(r2 = 4(25 = 100( in2.

Space diagonals:  Straight lines going from one corner to another but through the interior of the solid, and not along the surface.




Surface diagonals: Straight lines going from one corner to another but along the surface of the solid, and not through the interior.



Example: How many surface diagonals does a cube have?

Answer: You can find the diagonals for each face, and add them. There are 6 faces to a cube, and each has 2 diagonals, so that is 12 surface diagonals.

Example: How many surface diagonals does a hexagonal prism have?

Answer: Each hexagon face has S(S-3)/2 diagonals, or 6(3)/2=9 diagonals.  Each rectangular face has 2 diagonals, and there are 6 rectangular faces.  The total is 9·2 + 2·6 = 18+12 = 30 surface diagonals.

Example: How many SPACE diagonals does a cube have?

Answer:  Each vertex has just one space diagonal, and there are 8 vertices.  This counts each diagonal twice, so there are just 4 space diagonals to a cube.

Category 2

Geometry

Meet #5, March 2006


1.  The figure at right is made from 8 unit cubes that are glued together.  There is a hole through the middle of the object.  How many square units are in the surface area of the entire figure? 

Hint: Count the faces facing the front, left, right, back, top, bottom.  Be sure to count the 4 faces inside the hole!


2.  A plastic sphere with an radius of 10 cm is full of water.  
If the water from this sphere is poured into a cylinder that has a radius of 10 cm and a height of 20 cm, what fraction of the cylinder will be filled with water?  Disregard the thickness of the plastic and express your answer as a simplified fraction. 

Hint: Find the volume of the sphere (4/3 · ( r3) and the total volume of the cylinder ((r2h).
3.  The base of the prism on the left is a square with a side length of 1 unit.  The base of the prism on the right is a right triangle with legs of length 1 unit.  Both prisms are 2 units long. What is the difference between the surface area of the square based prism on the left and the surface area of the triangular based prism on the right?  Express your answer as a decimal to the nearest thousandth of a square unit.  (Note that what is called the base may not be on the bottom.)




Solutions to Category 2

Geometry

Meet #5, March 2006

1.  There are 8 unit squares on the front and 8 unit squares on the back of the figure.  There are 12 unit squares around the outer rim and 4 unit squares around the inner rim.  The total is thus 8 + 8 + 12 + 4 = 32 unit squares.

2.  The particular radius of the sphere doesn’t matter, as long as the height of the cylinder is equal to two radii, which is the diameter of the sphere.  In genereal, the volume of the sphere is 
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, and the volume of the cylinder is 
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.  The ratio of their volumes is thus 
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, so the cylinder will be 
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 full of water.
3.  The square based prism on the left has six faces: two that are unit squares and four that are 1 by 2 rectangles.  The surface area of the square based prism is thus 
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 square units.  The triangular based prism on the right has five faces: two that are isosceles right triangles with legs of 1 unit, two that are 1 by 2 rectangles, and one that is a rectangle with a width of 
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and a length of 2.  The surface area  of the triangular prism is 
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 square units.  The desired difference is 10 – 7.828 = 2.172.

Category 2

Geometry

Meet #5, March/April 2005


1.  The figure at right is a “net” for a cube.  The net is folded up to form a cube, and the cube is rolled.  If C is on top, what letter is on bottom?


2.  A solid cone with radius 2.25 cm and height 4.5 cm is placed inside a cylinder that also has radius 2.25 cm and height 4.5 cm.  How many cubic centimeters of space inside the cylinder are not occupied by the cone?  Use 3.14 for π and give your answer to the nearest tenth of a cubic centimeter.


3.  How many square inches are in the surface area of a tetrahedron with side length 1.5 inches?  Reminder:  A tetrahedron is a solid with four congruent faces, each of which is an equilateral triangle.  Hint:  You can use the Pythagorean Theorem to find the height of an equilateral triangle.  Give your answer to the nearest tenth of a square inch.  



Solutions to Category 2

Geometry

Meet #5, March/April 2005 Average correct answers in meet: 1.50 out of 3
1.  Letters A, B, and D are clearly adjacent to letter C, so none of these will be on the bottom of the cube.  Letter E will also be adjacent to C, when the net is folded into a cube.  Letter F will be on the opposite side of C and therefore on the bottom when C is on top.

2.  The volume of a cone is one third of the volume of the cylinder, so the space not occupied by the cone is two thirds of the cylinder.  This volume is given by the calculations below:
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To the nearest tenth of a cubic centimeter, the space inside the cylinder not occupied by the cone is 47.7 cubic centimeters.

3.  We need to find the area of one equilateral triangle and then multiply by 4.  To find the area of an equilateral triangle, we need to have a height.  The picture at left shows how an equilateral triangle can be cut into two 30-60-90 triangles.  The height, h, can be calculated using the Pythagorean Theorem as follows:
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The area of one of the triangles is thus 
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The surface area of the tetrahedron is four times this amount, which is 
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 or 3.9 square inches to the nearest tenth of a square inch.

Category 2

Geometry

Meet #5, April 2004

1.  How many space diagonals are there in a hexagonal prism such as the one shown at right?  
A space diagonal is an imaginary line that connects any two vertices of a solid and passes through the interior of the solid.



2.  A roll of toilet paper has a diameter of 12 centimeters and a height of 11.4 centimeters.  The inner diameter of the tube is 4 centimeters.  How many cubic centimeters are in the volume of the solid part of the roll of toilet paper?  Use 3.14 for Pi and round your result to the nearest tenth.


3.  One cubic centimeter of water is equal to one milliliter of water.  This means that a cubic decimeter, such as the one shown below, can hold one liter of water when it is filled to the brim.  A steel sphere is dropped into a full cubic decimeter, displacing some water, which spills over the sides.  When the ball is removed, it is noted that 732 milliliters of water remain in the cube.  How many centimeters are in the diameter of the sphere?  Use 3.14 for π and round your answer to the nearest whole number.




Solutions to Category 2

Geometry

Meet #5, April 2004


1.  Three space diagonals can be drawn from each vertex of each base of the prism to vertices on the other base.  

If we imagine drawing all of these, however, we will be drawing every space diagonal twice or double counting.  Therefore, we should imagine drawing all possible space diagonals from just one of the bases.  There are 6 ( 3 = 18 space diagonals in a hexagonal prism.   

2.  We will compute the volume of the roll of toilet paper as if there were no hollow tube through it.  Then we will subtract the volume of this hollow tube.  The formula for the volume of a cylinder is 
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.  The diameter of the roll is 12 cm, so the radius is 6 cm.  Using r = 6, h = 11.4 and π = 3.14 in the formula above, we get: 
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Similarly, we compute the volume of the hollow tube, using r = 2 (half of 4), h = 11.4 and π = 3.14:
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Finally, subtracting the volume of the tube from the volume of the full cylinder, we get: 
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Rounding this to the nearest tenth, we get 1145.5 cubic centimeters.
3.  Since 732 millileters remain in the cube, the steel ball must have displaced 1000 – 732 = 268 millileters.  Since 1 ml3 = 1 cm3, we know that the volume of the sphere is 268 cubic centimeters.  Substituting V = 268 and π = 3.14 into the formula 
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, we can solve for r as follows:  
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Since r = 4 cm, the diameter of the steel sphere must be 8 centimeters.  This may seem too large, but we should note that a cube measuring 8 cm by 8 cm by 8 cm would occupy only 83 or 512 cubic centimeters or a little more than half of the space. 
Category 2

Geometry

Meet #5, April 2003

1.  How many surface diagonals can be drawn on a pentagonal prism such as the one depicted below?  


2.  The surface area of a cube is 73.5 square inches.  How many cubic inches are in its volume?  Express your answer as a decimal to the nearest thousandth.


3.  A cylinder that used to contain three tennis balls is now filled with water.  The diameter of the cylinder is 
[image: image22.wmf]  
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 inches and the height is 
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 inches. A gallon is defined as a unit of liquid capacity equal to 231 cubic inches or 128 ounces.  How many ounces of water does the cylinder hold?  Use 3.1416 for pi and, since the cylinder can’t hold more than its volume, round your answer down to the previous whole number of ounces.



Solutions to Category 2

Geometry

Meet #5, April 2003

1.  There are two surface diagonals on each of the five rectangular faces of the pentagonal prism and there are five surface diagonals on each of the two pentagonal faces of the pentagonal prism.  That makes a total of 
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2.  All six sides of the cube have the same area, so the area of one side would be 73.5 ÷ 6 = 12.25 square inches.  The side length of the cube is the square root of 12.25 or 3.5 inches and the volume of the cube is 3.53 = 42.875  
cubic inches to the thousandth. 
3.  The volume of a cylinder is given by the formula 
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.  We will need half our diameter for the radius of the cylinder, or 2.625 ÷ 2 = 1.3125 inches.  Using this value for r, 3.1516 for π, and 7.875 for h, we calculate the volume of the cylinder as follows:
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 cubic inches.

To convert this volume to ounces, we multiply by 128 and divide by 231.  This gives us:


[image: image27.wmf]  

42

.

6187

´

128

231

»

23

.

6156

 ounces.

Rounding this number down to the previous whole number of ounces, we can say that the cylinder holds  about 23 ounces of water. 

Category 2

Geometry

Meet #5, April, 2002

	1.  A hollow cylinder whose diameter is 2 inches and whose height is 3 inches is filled with water.  A solid cone also with a diameter of 2 inches and a height of 3 inches is pushed carefully into the cylinder, pointing down and causing some of the water to spill out.  How many cubic inches are in the volume of the water that remains in the cylinder?  Use 3.14 for Pi and express your answer as a decimal to the nearest hundredth.
	




Hint:The volume of a cylinder is ( r2 h.  A cone is one-third that.

	


	2.  Find the surface area of the triangular prism at left.  Write your result as a decimal.  (Note:  The dotted line shows the altitude of the triangular base and measures 3.6 cm.)


Hint:The two triangular ends are the same, and there are 3 rectangular sides.

	3.  A water tank has the shape of a cylinder with a hemisphere on top.  The diameter of both the cylinder and the hemisphere is 40 feet.  The height of the cylinder is 60 feet.  If one gallon of paint covers 400 square feet, how many gallons will be needed to paint the surface of the water tank?  Use 3.14 for 

 and round up to the next whole number of gallons. (Don’t paint the bottom.)
	
[image: image28.wmf] 




Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 2

Geometry

Meet #5, April, 2002

	Answers

1.  6.28

2.  109.14

3.  26


	1.  The volume of a cylinder is the area of the base times the height.  The volume of a cone is 

 the volume of a cylinder with the same diameter and the same height.  This means that the volume of the water remaining in the cylinder is 

 of the volume of the cylinder.  










Using 3.14 for Pi, we have:



 cubic inches of water.


2.  There are two identical triangular surfaces on the prism.  Their area is 

 square centimeters.  There are three rectangular surfaces on the prism, all of them with the length 8.5 cm.  The sum of their areas is: 

. Alternatively, we can imagine unfolding the net of the prism and summing the widths of the three rectangles.  The area would be the length times the sum of the widths or 

 square centimeters.  Combining this area with the area of the triangles, we get a total surface area of 109.14 square centimeters.

3.  The surface of the cylinder (top and bottom not included) is the circumference of the cylinder times the height.  For the cylinder part of the water tower, we have a surface of 

 square feet.  The surface of the hemisphere on top is one half the surface of a sphere or 

 square feet.  This gives a total surface area of 

 square feet.  Since one gallon of paint covers 400 square feet, we will need to buy 

 or (rounding up to the next whole number of gallons) 26 gallons.

Category 2

Geometry

Meet #5, April 2001

	1.  How many 8-inch by 8-inch by 16-inch cement blocks will be required to construct a foundation that is 32 feet long, 24 feet wide, and 8 feet tall?  (Each wall is 8 inches thick.)
Hard!
	
[image: image29.wmf]24 ft.
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Hint: Each block is 4/3 foot long and 2/3 foot high.  You could do the whole

thing in inches, or perhaps in thirds of a foot.  The tricky part is the corners:
	2.  The label from each of the two cans shown here is a 4-inch by 12-inch rectangle which exactly covers the rounded surface of each can, but not the top and bottom.  If the height of can A is 4 inches and the height of can B is 12 inches, what is the ratio of the volume of can A to the volume of can B?  Express your answer as a ratio in the form a:b, where the greatest common factor of a and b is 1.  
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Hint: If the circumference of a circle is c, then the radius r = c / (2().  The volume of a cylinder is ( r2h.
	3.  A exterior surface of a hemispherical capital dome is to be covered with gold leaf.  If the diameter of the dome is 50 feet, how many square feet of gold leaf will be required to cover the dome?  Use 3.14 for Pi and give your answer to the nearest whole number of square feet.  (Don’t cover the bottom of course.)
	
[image: image31.wmf]50 feet




Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 2

Geometry

Meet #5, April 2001

	Answers

1.  984

2.  3:1

3.  3925
	1.  The foundation wall is 8 feet, or 96 inches, tall all the way around and will require 12 layers of cement blocks that are 8 inches tall.  Each of the sides that are 32 feet long will require 
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 or 24 blocks that are 16 inches long on each layer.  Similarly, the sides that are 24 feet long will require 
[image: image33.wmf]24
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 or 18 blocks on each layer.  Watch out!  The half-block in each corner on each layer is shared by two walls.  If we count our way around one level of the foundation—
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 blocks—we have over-counted by 4 halves or 2 blocks.  We will need only 82 blocks on each of 12 layers of block, for a grand total of 984 blocks.

2.  We know from the dimensions of the label that can A must have a circumference of 12 inches.  From this we can find that the radius of can A must be 
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.  Similarly, we can find the radius of can B, which is 
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Can A: 
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Can B: 
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The ratio 
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 can be simplified to 3:1.

3.  The formula for the surface area of a sphere is 
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, so the surface of a hemisphere will be half of that.  Our dome has a diameter of 50 and a radius of 25, so 
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Hint: The volume of a cylinder is the area of the base times the height.  The volume of a cone is one-third of the cylinder that has the same circular base and height.












































Hint: You can find the surface area by adding up the area of each face.  This is harder in the triangular-based prism – you’ll need to know the length of the diagonal d of the 1-by-1 square base.  Use Pythagorean Theorem: 12+12 = d2.  If your calculator has a square root key, you can do it!





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  32
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3.  2.172





You may use a calculator today.
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It’s still a prism if you go up at an angle, as long as the top face and the bottom face are the same shape and parallel.
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Hint: The surface area of a sphere is 4( r2.   What is r?
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Hint: Surface area of the side of a cylinder is 2(rh.  Surface area of a sphere is 4(r2.
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Answers





1.  F





2.  47.7





3.  3.9
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You may use a calculator today!





Hint: Find r, find the volume in cubic inches ((r2h).  Convert to gallons and then ounces.





Hint: Draw just one face, an equilateral triangle, as shown on the right.  Write the lengths of the sides.  What is w?  You can now find h, and then the area of this equilateral triangle.





Hint: How many sides are there in a cube?  What is the area of one face?  What is the side length?





Hint: Imagine the surface diagonals on each face separately.  There are 2 pentagons and 5 rectangles.  Remember: The number of diagonals on a face with S sides is S(S-3)/2.





Hint: How many milliliters ( = cubic centimeters) of water spilled out?


The volume of a sphere is four-thirds pi R cubed.  Solve for R.





Hint: What is the radius of the outside curve?  The inside curve?  What is the surface area of one end of the roll?





Hint: A space diagonal can’t go along a face of the solid.  How many space diagonals can you draw from just one corner?





You may use a calculator today!





You may use a calculator today!





Answers





1.  20





2.  42.875





3.  23





Answers


  1.  _______________


  2.  _______________


  3.  _______________
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Answers





1.  18





2.  1145.5
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Answers


  1.  _______________


  2.  _______________


  3.  _______________
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You may use a calculator today!





Answers


  1.  _______________


  2.  _______________


  3.  _______________
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