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Diamond Math Team

Meet #4 – Category 5
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Self-study Packet 

1. Mystery: ? 

2. Geometry: Properties of circles 

3. Number Theory: Modular arithmetic, series and sequences 

4. Arithmetic: Percent applications: find percent of a number, find what percent a number is of another, find a number where the percent of that number is known, find percent of change 

5. Algebra: Word problems (linear, including direct proportions or systems)

For current schedule or information, 

see http://www.imlem.org
Meet #4 – Algebra -- Ideas you should know:
Solving equations: Sorry, there’s lots to know, but no help here this week.

1. Try each problem.

2. Look at answer.

3. Read the solution.
4. If you got it wrong, learn what you needed to know.
Doing lots of problems is the secret to being a top-scorer for CARLILSE and getting awards for your brilliance! 

Category 5

Algebra

Meet #4, February 2005  Average number of correct answers: 1.60 out of 3
1.  What negative value of x will make the following proportion true?


[image: image2.wmf]
Hint: You can multiply each side by x, and then by 144, but don’t multiply 121 x 144!  Factor each, instead.

2.  In parallelogram MATH, MA = 168 mm, AT = 15x + 3 mm, TH = 3xy3 mm, and MH = 108 mm.  What is the numerical value of 
[image: image3.wmf]  
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Hint: In a parallelogram, opposite sides have the same length, so you can solve for x first.

3.  Together Jim and Bob weigh 357 pounds.  Together Jim and Larry weigh 393 pounds.  The combined weight of all three men is 565 pounds.  How much do Bob and Larry weigh together? 



Solutions to Category 5

Algebra

Meet #4, February 2005

1.  Cross multiplying, we can turn the proportion into the equation 
[image: image4.wmf].  Each of the numbers on the left is a perfect square, so we can rearrange factors without ever multiplying 121 by 144: 
[image: image5.wmf]
The value of x could be positive or negative.  The question asks for a negative value that will make the proportion true, so the answer is –132.  

2.  Since opposite sides of a parallelogram have the same length, we can write two equations from the information given:  
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.  Solving the first equation for x, we get 105 = 15x, so x = 105 ÷ 15 = 7.  Substituting 7 in place of x in the second equation, we get 
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.  This means 
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, so y = 2.  Finally, the numerical value of 
[image: image10.wmf]  

y

x

 is 
[image: image11.wmf]  

2

7

=

128

.


3.  There are many ways to solve this system of equations.  One clever way is to double the combined weight of all three men and subtract the two paired weights.  Since Jim is included in both the paired weights, his weight will be subtracted twice and each of Bob’s and Larry’s weights will be subtracted once.  This leaves the combined weight of Bob and Larry, which is what we want.  Thus, the answer is 2 ( 565 – 357 – 393 = 1130 – 357 – 393 = 380 pounds.  Notice that we did not need to find the individual weights, but, for those interested, Larry weighs 208 pounds, Bob weighs 172 pounds, and Jim weighs 185 pounds.  

Category 5

Algebra

Meet #4, February 2004

1.  Julia and Michelle are best friends who live exactly four miles apart.  One day, Julia called Michelle on the phone and said, “I’ve simply got to tell you the rumor I heard as quickly as possible, and I can’t tell you over the phone.” Michelle said, “I’ll come right over on my bike.”  Julia said, “I’ll start running toward you.” If Julia ran toward Michelle at a speed of 6 miles per hour and Michelle rode her bicycle toward Julia at a speed of 14 miles per hour, how many minutes later did they meet?  Assume that they set out immediately, and express your answer to the nearest whole number of minutes.

Hint: Since they’re going toward each other, the distance between them decreases with the SUM of their speeds.

2.  A vendor sells pretzels for $1.25 each and hotdogs for $2.00 each.  One day he sold 82 items for a total of $134.75.  How many pretzels did he sell?

Hint: If only hotdogs, 82x$2=$164, which is $29.25 too high.  Changing one dog into a pretzel saves $0.75.

3.  If 
[image: image12.wmf] and 
[image: image13.wmf], then find the value of A + B.



Solutions to Category 5

Algebra

Meet #4, February 2004


1.  Since Julia and Michelle are running toward each other, they are closing the four-mile gap between them at the sum of their speeds, which is 6 + 14 = 20 miles per hour.  Using the formula 
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, we have the value of D and R, so we can solve for T.  

4 = 20 ( T, so 
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 hour or 60 ÷ 5 = 12 minutes. 

2. If the vendor had sold the pretzels for the same price as the hotdogs, he would have taken in 82 ( $2.00 = $164.  Since the pretzels actually sold for $0.75 less than the hotdog, the difference $164 – $134.75 = $29.25 can be thought of as the number of pretzels times the $0.75 that he did not take in for each pretzel.  Since $29.25 ÷ $0.75 = 39, he must have sold 39 pretzels.  Most people would not think so hard about it and would just trust the algebra.  Let D be the number of hotdogs and let P be the number of pretzels.  We can write the following two equations from the information given:


[image: image16.wmf]
Doubling the first equation and subtracting the second equation from it, we get:

 EMBED Equation.3  
[image: image17.wmf]

Dividing both sides of the last equation by 0.75, we get P = 39.

3.  Find the cross product of each proportion and make a system of equations:  
[image: image18.wmf]

 EMBED Equation.3  [image: image19.wmf]

 EMBED Equation.3  [image: image20.wmf].  Doubling the top equation and tripling the bottom, we get: 
[image: image21.wmf].  Subtracting the bottom equation from the top, we get 
[image: image22.wmf], so B = 25.  Substituting this value for B in the equation 
[image: image23.wmf], we get 
[image: image24.wmf] 
[image: image25.wmf].  Finally, we can compute that A + B = 19 + 25 = 44.

Category 5

Algebra

Meet #4, February, 2003

1.  If the sum of the first and the last of a set of three consecutive odd integers is 174, what is the square of the middle integer in the set?

Hint: The average of the 1st and last is the middle number.  What is their average?

2.  Five years from now, Susan will be twice as old as her sister Alice was last year.  If Susan is six years older than Alice now, how old will Alice be five years from now? 

Hint: Let S=Susan’s age now, and A=Alice’s age now, and write equations to solve for A.  Then A+5 is answer.

3.  Heather and Scott paddled their canoe out to an island and back without stopping to rest.  On the way out, they were traveling with the wind and averaged 9 miles per hour.  On the way back, they were traveling into the wind and averaged only 3 miles per hour.  If the round trip took 2 hours and 15 minutes, how many miles away is the island?  Express your answer as a mixed number in lowest terms.



Solutions to Category 5

Algebra

Meet #4, February, 2003

1.  Dividing the sum by 2 will give the middle integer.  174 ÷ 2 = 87.  (The first odd integer is 85 and the last is 89.)  The square of 87 is 87 • 87 = 7569.


2.  It is easy to get lost in the language of a question like this one.  To solve this with the help of algebra, let’s let A be Alice’s age now and set up a table to keep track of the different ages at the different times.  


Now we need to write an equation based on the information given.  We get:  
[image: image26.wmf].  Solving this equation for A, we get: 


[image: image27.wmf]
If Alice is 13 years old now, she will be 18 in five years.

3.  On the way out, Heather and Scott were traveling 3 times as fast as they were on the way back.  This means that the trip back took 3 times as long.  If we add the one unit of time for the trip out and the 3 units of time for the trip back, we get 4 equal units of time.  If we divide the total time of 
[image: image28.wmf] hours into 4 equal parts, we get 
[image: image29.wmf] hours.  If they paddled for 
[image: image30.wmf] of an hour at 9 miles per hour on the way out, then they traveled 
[image: image31.wmf] miles on the way out.  The island is thus 
[image: image32.wmf] miles away.

Category 5

Algebra

Meet #4, February, 2002

1.  A dry-cleaner finds that a button pops off a shirt at a rate of about 1 button for every 175 shirts that are cleaned.  If a thousand shirts are cleaned every week, how many buttons are expected to pop off in a year?  Round your answer to the nearest hundred buttons.

Hint: There are 52 weeks in a year, so how many shirts are cleaned per year?  1 button per 175 shirts pop off.
2.  There are a number of cows and chickens in the barnyard.  The number of legs is 18 more than twice the number of heads.  How many cows are in the barnyard?

Hint: Chickens have 2 legs, so if they were the only animal, there’d be exactly twice as many legs as heads.  What happens to the total number of legs if you change one chicken into a cow?
3.  Julie left the house at noon and rode her bicycle at an average speed of 15 miles per hour until she got a flat tire.  She then walked home by the same route at an average speed of 3 miles per hour.  If she arrived home at 4:00 PM, how far away was she when she got the flat tire?

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 5

Algebra

Meet #4, February, 2002

	Answers

1.  300

2.  9
3.  10
	1.  If the dry cleaner cleans 1000 shirts per week, then he cleans 52,000 shirts per year.  If 1 button falls off for every 175, then we must solve the following proportion:




Thus 

, and 

.14, or about 300 buttons, to the nearest hundred, pop off of shirts every year.


2.  This is a variation on a familiar Math League question involving the heads and legs of cows and chickens, two equations and two unknowns.  The interesting twist this time is that we have no way of determining the number of chickens.  If the number of legs were exactly twice the number of heads, then there would only be chickens in the barnyard.  This means that the 18 extra legs all belong to cows.  And since we know that every cow has two more legs than a chicken, there must be 9 cows in the barnyard.

Using Algebra, the statement in English becomes the following equation:




, where L is the number of legs and H is the number of heads.

For the number of heads, we can write:




, where x is the number of cows and y is the number of chickens.

And, for the number of legs, we can write:




, since cows have 4 legs and chickens have 2.

Substituting the second and third equations into the first, we get:




, which becomes 

, then




, then 

, and finally 

, which is nine cows.

3.  Since Julie rode her bicycle five times as fast as she walked, we know that it took five times as long to walk back than it did to ride out.  These 5 parts and 1 part make 6 equal parts in time.  Dividing the four hours into six equal parts, we get 40 minute parts.  If she rode her bike for two-thirds of an hour averaging 15 miles per hour, then she was 10 miles from home when she had the flat tire.

Category 5

Algebra

Meet #4, March 2001

1.  Sally pays a base fee of $12.95 per month for local telephone service.  This plan allows her 60 minutes of local phone calls with no extra charge.  If she uses more than 60 minutes on local calls, she has to pay $0.05 per minute for those additional minutes.  How much will her local phone bill be if she talks for a total of 97 minutes on local calls?  

Hint: Out of 97 minutes, some of those are “included” in the plan for $12.95.  How many are extra at 5¢ each?
2.  A science teacher decided to put tennis balls on the legs of all the chairs and stools in the lab to protect the floor and to decrease noise.  There are 40 seats in all and she needed 144 tennis balls to cover all the legs.  If the stools have three legs and the chairs have four legs, how many stools are there in the science lab?

Hint: If they were all chairs, 40 seats = 160 legs.  Each chair you turn into a stool reduces the number of legs.
3.  Tom must travel 90 miles and hopes to average 60 miles per hour on his trip.  Unfortunately, he gets stuck in traffic early on and only averages 30 mph for the first 36 miles.  What speed must Tom average for the remainder of the trip so that he still averages 60 mph for the entire trip?  Express your answer in miles per hour to the nearest whole number.

Answers

  1.  
[image: image33.wmf]
  2.  _____________

  3.  
[image: image34.wmf]          
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Solutions to Category 5

Algebra

Meet #4, March 2001

	Answers

1.  $14.80

2.  16
3.  180 mph
	1.  Sally will have to pay the base fee of $12.95 plus $0.05 per minute for each of the 37 minutes beyond the first 60 minutes.  Her local phone bill will be: 
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2.  We have two equations and two unknowns.  Let s be the number of three-legged stools and c be the number of four-legged chairs.  We are told that there are 40 seats, so we have the equation 
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.  We are also told that the teacher needed 144 tennis balls to cover all the legs, so we have the equation 
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  Substituting 
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 for the value of s in the other equation, we get: 
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.  There are 16 stools.

3.  If Tom is to travel 90 miles averaging 60 miles per hour, he must complete his trip in 
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 hours.  Since he averages only 30 mph for the first 36 miles, we can calculate that he has already used up 
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 hours.  That leaves just 
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 hours or 18 minutes to travel the remaining 
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 miles.  Tom will have to travel at a speed of 
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 mph to achieve an overall average of 60 mph for the entire trip.  Perhaps he should call and say that he is running late.








You may use a calculator today!





Hint: Write the equations, like J+B=357.  Then you can find L by subtracting J+B+L – (J+B)





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  –132





2.  128





3.  380
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15x + 3





� EMBED Equation.3  ���





You may use a calculator today!





Hint: You can cross-multiply each equation such as 6(A+1)=5(B-1).


There is just one solution, an integer.





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  12





2.  39





3.  44





Hint: One way is to say D is the distance, and T is the time for 9 mph, and write equations: 9T = D, T+3T=2.25=9/4





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  7569





2.  18





3.  �EMBED Unknown���





 �
 Last Year�
 Now �
 Five years from now�
�
 Susan�
 A + 6 – 1�
 A + 6�
 A + 6 + 5�
�
 Alice�
 A – 1�
 A�
 A + 5�
�



You may use a calculator today!





Hint: If it took her B hours by Bike at 15 mph, then it took 5B hours walking.  How many hours total did she travel?  Solve for B.  Then think some more!





You may use a calculator today!





Hint: If he goes 90 miles and averages 60 mph, how many hours will his trip take?  How many hours did he use up going 30mph for 36 miles?  How many miles are left, and how many hours are left?
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