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Meet #4 – Category 4

Arithmetic
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Self-study Packet
1. Mystery: ? 

2. Geometry: Properties of circles 

3. Number Theory: Modular arithmetic, series and sequences 

4. Arithmetic: Percent applications: find percent of a number, find what percent a number is of another, find a number where the percent of that number is known, find percent of change 

5. Algebra: Word problems (linear, including direct proportions or systems)

For current schedule or information, 

see http://www.imlem.org
Meet #4 – Arithmetic – Ideas you should know
Some commonly occuring values you should know!

	PERCENT
	DECIMAL
	FRACTION

	1%
	0.01
	1/100

	5%
	0.05
	1/20

	10%
	0.1
	1/10

	12%
	0.125
	1/8

	16 2/3 %
	0.1666…
	1/6

	20%
	.2
	1/5

	25%
	.25
	1/4

	33 1/3 %
	0.333…
	1/3

	50%
	.5
	1/2

	75%
	.75
	3/4

	100%
	1
	

	125%
	1.25
	5/4=1 1/4

	150%
	1.5
	3/2 = 1 1/2

	200%
	2
	


Percent Applications:  

100% of 12 = 12


200% of 12 = 24


 50% of 12 = 6

X is 50% greater than 20  ( X=30

    X is 10% less than 20 ( X=18

Three situations – three equations:  always remember




PERCENT means ‘out of 100’

What is 30% of 20?



30% x 20 = 
[image: image1.wmf]= 6


OR
Part/whole = 30/100 = p/20



.3 x 20 = 6



30 x 20 = 100(p)  p=6

5 is what percent of 16?

OR   part/whole = p/100 = 5/16


[image: image2.wmf] = 31.25%



16p = 5 x 100   p = 31.25%

20% of p is 12, what is p?

OR   part/whole = 20/100 = 12/p

(p) 20% = 12 ( p = 12 ÷ 0.20 

20(p) = 12 x 100

            p = 60




p = 1200/20 = 60

Percentage Difference means to show that difference as a percent of the original value, so the percentage difference from 5 to 3 is 2/5 = 0.4 = 40%.


Note: if the new value is greater then the old value, it is a 
percentage increase, otherwise it is a decrease.

Step 1: Calculate the difference (subtract one value form the other)

Step 2: Divide that Difference by the old value (you will get a decimal number)

Step 3: Convert that to a percentage (by multiplying by 100 and adding a "%" sign)



Change/Old x 100%

A pair of socks went from $5 to $6, what is the percentage difference?


6-5 = 1     1/5 = .2     .2 x 100 = 20%

Bill’s long jump distance is 10% further than it was.  Now it is 16 feet, 6 inches.  How far was it before?
Answer: D · 1.10 = 16.5 feet ( D = 16.5 ÷ 1.10 = 15 feet

Last summer, Bret mowed 15 lawns at $20 each.  This year, he expects to make $360 mowing lawns.  What is the percent increase in his income?

Answer: Last year’s income was 15x20 = $300.  The change is +$60.
Percent increase = Change/Old x 100% ( $60/$300 x 100% = 20%

Linda’s store sets its prices so the cost of each item is 60% of the selling price.  If an item costs her $5.10, what should she sell it for so that $5.10 is 60% of the final price?

Answer: 60% x P = 5.10 ( P = 5.10/0.60 = $8.50 is final selling price

What is the difference between   13% of 19   and    19% of 13 ?

Answer: Zero.  
[image: image3.wmf] and 
[image: image4.wmf]  ( both are 13x19/100

Sales Tax: 
 
You buy a book for $20 and pay 5% sales tax.  What is the total?


Answer: $20 x 1.05 = $21.00


You paid $69.00 for dinner, including a 15% tip.  What was the pre-tip cost?


Answer: PreTip x 1.15 = $69   (   PreTip = $69/1.15 = $60.

Simple Interest:  You have $200 and you earn 10% interest on it.  Now you have $220.

Amount = Principal x (1 + PercentInterest / 100%)


This is the idea of Interest ... paying for the use of the money.
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Alex Borrows $1,000, but has to pay back $1,100

Compound Interest: This is when you get Interest on the Interest.


Amount = Principal x (1 + PercentInterest/100%)NumberOfPeriods
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	Year
	Loan at start
	Interest
	Loan at end

	0  (Now)
	$1,000
	10% of $1000=$100
	$1,100

	1
	$1,100
	10% of $1,100=$110
	$1,210

	2
	$1,210
	10% of $1210=$121
	$1,331

	3
	$1,331
	
	

	4
	$1,464.10
	
	

	5
	$1,610.51
	
	



Example: You have $100 and you earn 20% on it at the end of each year.  How much do you have at the end of 3 years?


Answer: At the end of 1 year, $100 x 1.20 = $120.  At the end of 2 years, $120 x 1.20 = $144.  At the end of 3 years: $144 x 1.20 = $172.80

Or, Amount = $100 x (1 + 20%/100%)3 = $100 x 1.23 = $172.80

Annual versus Monthly Interest:

Banks list interest rates as “per year” but they actually pay 1/12 that per month.  For example, a bank that says “We give 6% per year interest” will actually give you 6%/12 = 0.5% per month, compounded.  In a year, this is MORE than 6%:


(1 + 0.5% / 100%)12 = 1.00512 = 1.0617 or 6.17% interest.

They call this APR for “Annual Percentage Rate.”


Example: Priya earned $10,000 on her new book and invested it in the bank at an annual rate of 3%, compounded monthly.  How much will it be worth in 5 years?

Answer: 3% per year is 3/12 = 0.25% per month, so her money multiplies by 1.0025 every month.  The money will be there for 5x12=60 months, so it will multiply by 1.002560 = 1.161616 so she’ll have $11,616.16 in 5 years.

 Another example is radioactive decay: Chromium-51 decays so only 97.55% of it remains after a day.  After 28 days, 0.975528 remains, or about 50%.  So, 28 days is the “half life” of Chromium-51.  Algebra students may know that y=2x is an exponential function.  Every time x increases by 1, y doubles.

Example: Oskari wants to have $1,000,000, and he has a sure-thing investment that pays 2% every month, compounded monthly.   How much money does he have to invest so that he’ll reach his goal in 40 years?

Answer: 40 years is 480 months, and 2% each month multiplies his money by 1.02 each month.

1000000 = Investment x (1.02)480 ( Investment = $74.46

Wow, what a way to make a million!

Interest Rates for Geniuses Only:

You have an investment that doubles your money in 10 years.  
What is the annual interest rate, if you assume annual compounding?


Answer: If P is your Principal, or the money you start with,



2P = P · (1 + Interest/100%)10
Divide each side by P:


2 = (1 + Interest/100%)10
Take the 10th root of each side (take it to the 1/10 power)
 
21/10 = (1 + Interest/100%) = 1.07177

Subtract 1 and multiply by 100%:


Interest = 7.177%  or  7.2% rounded to the tenth.

“Rule of 72”  – There is a short-cut for figuring how long it takes to double your money, approximately.  Years x Interest Rate = 72

In this case, Interest Rate = 72 / 10 years = 7.2%  Same Answer!

Example: You won $1,000,000 in the lottery which you hide in a box.  You want it to last a long time, so you only spend 6% of what’s left each year.  How long until you have less than $500,000 left?  

Answer: The “Rule of 72” says to divide 6% into 72 = 12, so 12 years.

Longer version: The money you have after one year is 0.94 times as much.  After 2 years, it is 0.942 as much, and after n years it’s 0.94n.

For what n is 0.94n < 0.50? 

	
	Fraction of money left after N years

	n=1
	0.94

	n=2
	0.942 = 0.8836

	…
	

	n=11
	0.9411 = 0.506

	n=12
	0.9412 = 0.476


So it takes 12 years (actually, 11.2 years) to have half as much.  It could last a lot longer if you’d invest it rather than keep it in a box.

The Rule of 72 is helpful because you can do these problems in your head very quickly and get close to the correct answer.

Example: My business grows 24% per year.  How long until 2X as big?
Answer: 72/24 = 3, so 3 years to double your business.  (3.2 actual)

Category 4
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Arithmetic

Meet #4, February 2005

1.  What is 135% of 
[image: image8.wmf]?  Express your answer as a common fraction in simplest form.

Hint: 135% of something means 135/100 times that something.  Simplify 135/100 first.

2.  The store “Mathletes ‘R’ Us” sells sweatshirts with different proofs of the Pythagorean Theorem.  The manager purchases the sweatshirts from a distributor at a cost of $12.57 each.  She marks up the price so that the price on the tag of each sweatshirt is 60% cost and 40% profit.  At the cash register, the customer then has to pay a 5% sales tax on the tag price of the sweatshirt.  How much does a customer end up paying for a sweatshirt with a proof of the Pythagorean Theorem?  Give your answer in dollars to the nearest hundredth of a dollar.  

Hint: PriceOnTag · 0.60 = $12.57, so what is PriceOnTag?  Then add on tax!

3.  Ron’s grandmother sent him a check for $5000 and told him to deposit it in a money market account that earns interest at an annual rate of 3% and compounds monthly.  Ron allowed 4 months to go by before he deposited the check.  How much interest income did Ron lose by not depositing the check immediately?  Express your result to the nearest hundredth of a dollar.  Note:  This particular money market keeps track of the nearest millionth of a dollar for purposes of calculating interest owed.  
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Solutions to Category 4

Arithmetic

Meet #4, February 2005  Average number of correct answers: 1.16 out of 3
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1.  This problem is easier if we convert 135% into the equivalent fraction 
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2.  To mark up the sweatshirt so that the tag price is 60% cost and 40% profit, the manager asks herself the following question:  $12.57 is 60% of what number?  This corresponds to the equation: 
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.  The manager has learned to divide by 0.6 to answer the question.  This gives a price of 
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 for the tag price of the shirt.  The customer then has to pay a 5% sales tax on this tag price.  We can compute the 5% by multiplying $20.95 by 0.05, which is $1.0475 or about $1.05.  We then add this tax to the tag price for a total of $20.95 + $1.05 = $22.00.  Alternatively, we can find 105% of $20.95 directly by multiplying by 1.05.  We get  $20.95 ( 1.05 = $21.9975, which rounds to nearest cent as $22.00.

3.  If the annual interest rate of the money market account is 3%, then the monthly interest rate must be 3% ÷ 12 = 0.25%.  After interest is posted at the end of the first month, Ron’s balance would be $5000 ( 1.0025 = $5012.50.  Then he begins to earn interest on the interest as well as the original money from his grandmother. After the second month, his balance would be $5012.50 ( 1.0025 = $5025.03125.  After the third month, the balance would be $5037.593828.  Finally, after four months, Ron’s balance would be $5050.187813, which rounds to $50.19 to the nearest hundredth of a dollar. 

Category 4
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Arithmetic

Meet #4, February 2004

1.  What fraction is 125% larger than 
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?  Express your result as a fraction in lowest terms.

Hint: If A is 25% larger than B, A=1.25B.  If A is 100% larger than B, A = 2B.  If A is 125% larger than B, A = ?

2.  Mthomba is a visiting dignitary who is entirely unaware of the American custom of tipping waiters and waitresses a minimum of 15% of the cost of the meal.  In his country, the standard practice is to leave the equivalent of 8 U.S. dollars, regardless of the cost of the meal. If Mthomba leaves an $8 tip for a meal that cost $78.60, how much less than the expected minimum tip did he leave?  Express your answer in dollars to the nearest cent.

Hint: How much money would a 15% tip on $78.60 be?  15% of B means 0.15 · B

3.  Fred invested $5000 in an special account that pays 10% annual interest, compounded annually.  What will his account balance be after ten years? 
Express your answer in dollars to the nearest cent.
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Solutions to Category 4

Arithmetic

Meet #4, February 2004

1.  If B is 125% larger than A, it is equal to 100% of A plus 125% of A.  It is easier to think of the new number as 100% + 125% = 225% of A. Converting the percent to a decimal and then to a fraction, we get 225% = 2.25 = 
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2.  To calculate 15% of $78.60, we convert the percent to a decimal and then multiply by $78.60. The expected minimum tip is thus 
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.  Mthomba left only $8.00, which is $11.79 – $8.00 = $3.79 less than the expected minimum tip.


	Year
	Balance 

	0
	$ 5,000.00 

	1
	$ 5,500.00 

	2
	$ 6,050.00 

	3
	$ 6,655.00 

	4
	$ 7,320.50 

	5
	$ 8,052.55 

	6
	$ 8,857.81 

	7
	$ 9,743.59 

	8
	$ 10,717.94 

	9
	$ 11,789.74 

	10
	$ 12,968.71 


Category 4

Arithmetic

Meet #4, February, 2003
1.  How much greater is 
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 of 2000 than 175
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 of 2?  

Express your answer as a mixed number in lowest terms.

Hint: 1% of 2000 is 20, so what is ¼% of 2000?      175% of anything means 1.75 times as much.

2.  Ralph has $28.56 with him at the candy store and he wants to buy as much chocolate as he can.  The chocolate is $4.35 per pound and he must pay a 5% sales tax.  What is the greatest number of pounds he can purchase?  Round your answer to the nearest hundredth.    

Hint: When you add 5% tax, you multiply a price by 1.05.  So, to see what a price was before tax, divide.

3.  Stephanie deposited $10,000 at a bank in an 18-month certificate of deposit account that pays an annual interest rate of 3%.  How much money can Stephanie expect to have in her bank account at the end of the 18 months if the interest is compounded monthly?  Express your answer to the nearest whole number of dollars.  



Solutions to Category 4

Arithmetic

Meet #4, February, 2003


1.  One percent of 2000 is 20 and a quarter of 20 is 5.   175
[image: image21.wmf]%

 of 2 is all of 2 plus three quarters of 2, which is 3.5.  5 – 3.5 is 1.5.  Expressing this as a mixed number, we get 
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2.  Ralph will have to pay 100% of the price of the candy plus 5% for sales tax, which is 105% altogether.  If we divide the amount of money he has by 1.05, we find that he can buy 
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.  Dividing this amount by $4.35 per pound, we find that he can buy 
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3.  The monthly interest rate will be one twelfth of the annual rate, which is 
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.  After one month, the bank will deposit 0.25% of $10,000, which is 
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, into Stephanie’s account.  Her new balance will be $10,025 and she will then earn interest on the interest as well as interest on her original deposit (her principle).  A short-cut way to calculate the balance each month is to multiply the previous balance by 1.0025.  The table at left summarizes.  Since we will multiply by 1.0025 eighteen times in all, we can also calculate the final balance as follows:
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To the nearest whole number of dollars, Stephanie will have $10,460 dollars in her bank account.
Category 4

Arithmetic

Meet #4, February, 2002

1.  Jessica bought a telescope at 20% off.  If the original price of the telescope was $485, how much money did she save by waiting for the sale?

Hint: 20% of something is 20/100 or 0.20 times that something.
2.  When Shawn started his job at the furniture store in 1996 earning a salary of $31,500, he was promised a 4% annual raise.  What was Shawn’s salary for 2002?    Round your result to the nearest dollar.  

Hint: Shawn’s salary for 1997 will be $31,500 times 1.04.  What will his salary be in 1998?
3.  Rob loses 10% of his hair each year.  In how many years will he have less than half the hair he has now?   

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 4

Arithmetic

Meet #4, February, 2002

	Answers

1.  97

2.  39,858
3.  7
	1.  Jessica saved 20% of $485, which can be calculated as 

.  She saved $97.

2. In 1996, Shawn’s salary was $31,500.  To obtain his salary for 1997, we could calculate 4% of $31,500 and add this to $31,500, or, to get the result more directly, we can multiply by 1.04 as follows: 

$32,760.  Continuing this process, we obtain the following results:

For 1998: 

$34,070.40.  

For 1999: 

$35,433.22 (rounded)

For 2000: 

$36,850.55.  

For 2001: 

$38,324.57.  

For 2002: 

 $39,857.55.  

Rounded to the nearest dollar this is $39,858. 

Alternatively, we can get the result more quickly using exponents as follows:  

.


3.  If Rob loses 10% of his hair each year, then (looking on the bright side) he keeps 90% of his hair each year.  The question is how many times we have to multiply 0.9 by 0.9 before we get a result that is less than 0.5.  



, 

, 

, 

, 

, 

, 

.  

In 7 years, Rob will have less than half the hair he has now.

This is an exponential function, related to the secret word discussed on page 3.
Category 4

Arithmetic

Meet #4, March 2001

1.  A sweater that was marked $59.99 is to be sold at 30% off this original price.  What is the sale price?  Round your answer to the nearest penny.
Hint: If it’s 30% off, that means it costs 70% as much.
2.  On each of the last two math tests that Katherine has taken she got three questions wrong.  One of those tests had only 12 questions, while the other had 37 questions.  How many percentage points higher was Katherine’s score on the test with 37 questions than it was on the test with only 12 questions?  Round your answer to the nearest percent. 

Hint: How many questions were correct on each test?  What is the percentage score on each test?
3.  Melinda plans to invest $10,000 in a savings account that will pay one half of one percent every month on the total amount of money in the account at the end of each month.  If Melinda does not make any deposits or withdrawals, what will her balance be at the end of one year?  Express your answer to the nearest cent.

Answers

  1.  
[image: image28.wmf]
  2.  
[image: image29.wmf]    %


  3.  
[image: image30.wmf]
Solutions to Category 4

Arithmetic

Meet #4, March 2001

	Answers

1.  $41.99

2.  17
3.  $10,616.78
	1.  The sweater is marked 30% off, which means that the sale price will be 70% of the original price.  
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, which is $41.99 to the nearest hundredth of a dollar.

2.  We must calculate the percent values of the fractions 
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.  Katherine scored 17 percentage points higher on the test with 37 questions than she did on the test with only 12 questions.

3.  The balance at the end of the first month is the original deposit ($10,000) plus the interest (
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), for $10,050.  This can be calculated directly if we multiply the deposit by the sum one plus the monthly interest rate (
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).  Similarly, we can multiply the first month’s balance by one plus the monthly interest rate to calculate the balance at the end of the second month (
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).  Repeating this multiplication ten more times gives a balance of $10,616.78 and the end of twelve months.  The shortcut on a calculator is to multiply the original $10,000 deposit by the sum one plus the monthly interest rate raised to the twelfth power.  
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You may use a calculator today!





Hint: If the annual rate is 3%, the monthly interest rate is one-twelfth that, or 0.25%. If invested, his money multiplies by 1.0025 each month.





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  � EMBED Equation.3  ���





2.  $22.00





3.  $50.19





You may use a calculator today!





Hint: If he earns 10% in a year, that means we multiply his money by 1.10 each year.  There is a calculator operation that simplifies doing this 10 times.





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  � EMBED Equation.3  ���





2.  $3.79





3.  $12,968.71 **





3.  When 10% interest is payed on an account balance, this amount is added to the balance, so the new balance is 110% of the previous balance. We can simply multiply the previous balance by 1.10 to get the new balance each year.  The table at left shows Fred’s account balance over ten years.  The short-cut way is to simply calculate � EMBED Equation.3  ���.  


The general formula is � EMBED Equation.3  ���, where B is the balance, P is the principle (the amount originally invested), r is the annual interest rate, and n is the number of years the interest is compounded.  It gets a little more complicated if the interest is compounded more often than once a year.





** Editor note: Other possible answers range from 12,968.69 to 12,968.73 depending upon when and how rounding or truncation occurs.  Real banks won’t keep your balance with indefinite precision each year, so “round only at the end” is unrealistic.





You may use a calculator today!





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Hint: Convert the annual interest rate to monthly by simply dividing it by 12, or 3%/12 = 0.25%


So the money after one month is 1.0025 as big.





Answers





1.  �EMBED Unknown���





2.  6.25





3.  $10,460





 Month�
 Balance�
�
 0�
 $10000.00�
�
 1�
 $10025.00�
�
 2�
 $10050.06�
�
 3�
 $10075.19�
�
 4�
 $10100.38�
�
 5�
 $10125.63�
�
 6�
 $10150.94�
�
 7�
 $10176.32�
�
 8�
 $10201.76�
�
 9�
 $10227.26�
�
 10�
 $10252.83�
�
 11�
 $10278.46�
�
 12�
 $10304.16�
�
 13�
 $10329.92�
�
 14�
 $10355.74�
�
 15�
 $10381.63�
�
 16�
 $10407.59�
�
 17�
 $10433.61�
�
 18�
 $10459.69�
�



You may use a calculator today!





Hint: What do you multiply by to get the amount of hair after one year?  That is, think of the hair kept (he keeps 90% of his hair after a year.)





You may use a calculator today!





Hint: If she made 1% each month, her money would multiply by 1.01 each month.  But she made ½% interest, so what do we multiply by instead?
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_1074969709.unknown

_1074970186.unknown

_1074971268.unknown

_1200676479.unknown

_1200724475.unknown
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