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Meet #4 – Category 3

Number Theory 
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Self-study Packet 

1. Mystery: ? 

2. Geometry: Properties of circles 

3. Number Theory: Modular arithmetic, series and sequences 

4. Arithmetic: Percent applications: find percent of a number, find what percent a number is of another, find a number where the percent of that number is known, find percent of change 

5. Algebra: Word problems (linear, including direct proportions or systems)

see http://www.imlem.org
Meet #4 – Number Theory 

 Ideas you should know:
Modular Arithmetic: Here numbers ‘wrap around’ at the end.  For example, the integers in modulo 5 are: 0,1,2,3,4.  You can do arithmetic in modulo 5: 1+3=4, but 4+1=0.  2x2=4 but 2x3=1!  You can think of it as “2x3=6, and 6 divided by 5 leaves a remainder of 1.”

Two integers a and b are said to be congruent modulo n, if their difference (a−b) is an integer multiple of n. If this is the case, it is expressed as

a ≡ b (mod n).

The above mathematical statement is read: "a is congruent to b modulo n".

For example,

38 ≡ 14 (mod 12)

because 38 − 14 = 24, which is a multiple of 12. For positive n and non-negative a and b, congruence of a and b can also be thought of as asserting that these two numbers have the same remainder after dividing by the modulus n. So,

38 ≡ 14 (mod 12)

because, when divided by 12, both numbers give 2 as remainder.
[image: image31.wmf]Some problems won’t include zero, such as a TV channel changer that goes from 1 to 35.  34+1=35, but what is the channel just past 35?
35+1=1 (not 36, not 0).   
On a 12-hour clock, if it is 11:00 and you wait two hours, it is now 1:00 (not 13:00.)

[image: image32.wmf]
0 + 1 = 1 (Mod 3)



1 + 1 = 2 (Mod 3)
  1 + 2 = 0 (Mod 3)
12-hour clock:

[image: image33.wmf][image: image34..pict]11:00 + 1 hour = 12:00
12:00 + 1 hour = 1:00
5:00 + 12 hours= 5:00
1:00 + 50 hours = ?



Notice that any multiple of 12 is the same as 0: counting 12 takes you exactly once around the circle. So if a number is divisible by 12, its standard name is 0.

Numbers that are not divisible by 12 can be split into two parts: one part that is a multiple of 12, and the remainder. For example, 38 = 3 x 12 + 2
Days of the week can be a Modulo 7 problem.  

Example: It is Tuesday, and your time machine takes you 100 days into the future.  What day of the week is it?

Answer: Every 7 days leaves you on a Tuesday, so 98 days is also a Tuesday (98=7x14).  100 days is just 2 days later: Thursday.

[image: image35..pict]
Clock Arithmetic – Algebra:

Example: In Modulo 7 as on the clock to the right, what number, times 2, is 1?

Answer: 4.   Imagine starting at 0 and going 4 hours, and then another 4 hours.  You end up on 1.


Example: In modulo 7, what number times 5 is 1?

Answer: The easiest way is “five times what is a multiple of seven plus one?”   

Now 3·5 = 15 which is 14+1.   So, we can say 3x5=1 (Modulo 7) which you could read “Three times five is 1 in modulo 7” or “Three times five mod 7 is 1.”  So, the answer is 3.  
Arithmetic Sequences:  A list of numbers with a constant difference between them.  For example, 5, 10, 15, 20, 25, … adding 5 each time.

Example: What is the 8th term in the sequence 1, 3, 5, 7, … ?

Answer: This is just the odd numbers, and it continues 9, 11, 13, 15, so the 8th term is simply 15.

Nth term of an Arithmetic Sequence: If D is the difference between terms, and F is the first term, the Nth term is F + (N-1)*D.  You can remember this because for N terms, there are N-1 differences between them.

Example: What is the 100th term of the sequence:  4, 7, 10, 13, 16, 19, …?

Answer: D=3 (subtract any two terms), and F=4, so Nth term is 4+3(N-1) or 1+3N.  Testing it out on N=6 gives 19, which agrees with the question.  Now for N=100: 1+3*100 = 301.   The secret word starts with recur.
Average of an Arithmetic Sequence: (First + Last) / 2

For an odd number of terms, the middle number is the average.

For an even number of terms, it’s the average of the two middle numbers.

Example: What is the average of the first 100 terms of 4, 7, 10, 13, …?

Answer: The first term is 4, and the 100th term is 301 (see previous question).  So, the average is (4+301)/2 = 305/2 = 152.5

Example (Tricky): What is the average of the 5-term arithmetic sequence starting with 1, 2.718, 4.436, … ?

Answer: If it has 5 terms, the 3rd term is the average, so the average is 4.436.  You don’t need to know the last two terms!

Sum of an Arithmetic Sequence: Average · Number of Terms

Example: What is the SUM of the first 21 terms of the sequence

 -10, -3, 4, 11, 18, …?

Answer: The difference between terms is 7, so the 21st term is

  
-10+7*(21-1) = -10 + 7*20 = 130

The average term is (-10 + 130)/2 = 120/2 = 60.

The sum is 21 times the average, or 21*60 = 1260.

	Arithmetic Sequences

	
	Remember

	Number of terms in sequence
	N

	First term of sequence
	F

	Difference between terms
	D

	Last (Nth) term
	F+(N-1)·D  or ND + (F-D)

	Average of first N terms
	(First+Last)/2

	Sum of first N terms
	Average · N


Interesting sequences:

Triangular Numbers 1, 3, 6, 10, 15, 21, 28, 36, 45, ...
Square Numbers 1, 4, 9, 16, 25, 36, 49, 64, 81, ...

Cube Numbers 1, 8, 27, 64, 125, 216, 343, 512,… 
Fibonacci Numbers 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, ...

Arithmetic Sequences in Geometry:  The angles in a triangle add to 180° and in a quadrilateral they add to 360°.

Example: The measures of the angles in a certain triangle form an arithmetic sequence.  If the smallest angle is 57°, how big is the largest?

Answer: If the sum of the angles is 180°, then the average must be 60°, which is also the middle number.  So the sequence is 57, 60, 63. Answer: 63

Example: The angles in a quadrilateral form an arithmetic sequence, where the smallest angle is 84°.  What is the largest angle?

Answer: The angles have to add to 360° so the average is 90° so the middle two terms are evenly spaced on both sides of 90° 

[image: image36..pict]


You can see that the spacing between the numbers must be 4, so that 1.5 times that much gets you from 84 to 90.


So, the largest angle is 96°.  The outer two terms are also evenly spaced around 90, so if the first is 6 below, the last must be 6 above 90.
Other Sequences:  You can usually figure out sequence problems by taking the difference between terms, and the difference between the differences, etc. until you see a pattern.  What’s next in: 1, 4, 11, 22, 37, … ?
	The Sequence:
	1
	
	4
	
	11
	
	22
	
	37

	1st Difference:
	
	3
	
	7
	
	11
	
	15
	

	2nd Difference:
	
	
	4
	
	4
	
	4
	
	


You can use the 2nd difference to find what the 1st difference is after 15: 19.
Category 3

Number Theory

Meet #4, February 2005

1.  The measures, in degrees, of the three angles of a triangle form an arithmetic sequence.  How many degrees are in the measure of the second largest angle?

(Reminder:  The sum of the angles of a triangle is 180 degrees.)

Hint: If the sum of the angles is 180, what is the average?  Arithmetic sequences are spaced equally, like 1-4-7.

2.  Find the sum of the first 40 terms in the arithmetic sequence below:

1, 3, 5, 7, 9,...

Hint:Try adding the first 2, then the first 3, then the first 4, and see if there is a pattern.

3.  List all the solutions to the equation 
[image: image3.wmf] in Modulo 15, where x is limited to the whole numbers from 0 to 14. (Reminder:  The Modulo 15 value of a number is the remainder when the number is divided by 15.)    




Solutions to Category 3

Number Theory

Meet #4, February 2005  Average number of correct answers: 1.44 out of 3
1.  The second largest angle will be the middle of the three terms in the arithmetic sequence.  Let’s call it x.  Let’s call the constant difference between the terms of the sequence d.  Then the first term is x – d and the third term is x + d.  The sum of these three terms must be 180, since they are angles in a triangle.  Thus we have 180 = x – d + x + x + d = 3x.  So x must be 180 ÷ 3 = 60 degrees.

2.  Some students may already know that the sum of consecutive odds form square numbers.  This gives a short-cut to the answer, 402 = 1600.  Otherwise, we have to use the usual trick of adding first and last numbers in the sequence, multiplying this sum by the number of terms, and dividing by two.  The 40th odd number is 2 ( 40 – 1 = 79, so our sum is: 
[image: image4.wmf].

3.  Subtracting 5 from both sides of the equation 
[image: image5.wmf] (Mod 15), we get the simpler equation 
[image: image6.wmf] (Mod 15).  We need to find the multiples of six that are nine more than a multiple of fifteen.  If we count by sixes in Mod 15, we get 6, 12, 3, 9, 0, and then the pattern repeats.  The fourth multiple of 6 is 9 in Mod 15, because 4 ( 6 = 24 and 24 – 15 = 9.  Countinuing the pattern, we find that the 9th and the 14th multiples of 6 are also 9.  To check this we compute as follows:

9 ( 6 = 54 and 54 – 3 ( 15 = 9

14 ( 6 = 84 and 84 – 5 ( 15 = 9

So the three solutions are x = 4, 9, and 14.

Category 3

Number Theory

Meet #4, February 2004

1.  What is the value of the 75th term in the arithmetic sequence shown below?

Note: –63 is the first term of the sequence.

–63, –57, –51, –45,...

Hint: What is the difference between terms?  The 3rd term is 2 times that difference plus the 1st term.

2.  Find the sum of the first 112 terms in the arithmetic sequence shown below. 

93, 96, 99, 102,...

The sum is 112 times the average.  The average of any arithmetic series is the average of the 1st and last.  What is the difference between terms?

3.  Coach McMod gave his fifteen basketball players jerseys with the numbers 0 through 14 on them.  For passing practice, the players always form a circle so that their jersey numbers go in clockwise ascending order.  During practice last Tuesday, Coach McMod gave the ball to the player with jersey number 6 and told the players to pass to the fourth person on their left.  After 71 passes the coach blew the whistle and the passing stopped.  What was the number on the jersey of the player holding the ball?  



Solutions to Category 3

Number Theory

Meet #4, February 2004


1.  The terms are increasing by six.  There will be 74 increases of 6 between the first and the 75th terms. 6 ( 74 = 444, so the 75th term will be 444 more than the first term, which is –63 + 444 = 381.  The general formula for the Nth term of an arithmetic sequence is 
[image: image7.wmf], where Z is the value of the Nth term, A is the first term, and D is the common difference between any two consecutive terms.

2.  The constant difference between terms is 3.  The 112th term will be 3 ( 111 = 333 greater than the first term, which is 93 + 333 = 426.  The sum of the first and last terms in this sequence is 93 + 426 = 519.  The sum of the second and the second-to-last terms is also 96 + 423 = 519.  The sum of the third and third-to-last terms is likewise 519.  In all there will be 112 ÷ 2 = 56 of these sums of 519.  This gives a total  of 56 ( 519 = 29,064.  The general formula for the sum of N terms of an arithmetic sequence is 
[image: image8.wmf], where S is the sum of the N terms, A is the first term, and D is the common difference between any two consecutive terms.

3.  71 ( 4 = 284,  284 ÷ 15 = 18 remainder 14. This means that the ball goes 18 times around the circle and ends up 14 people to the left of where it started.  Since there are 15 people in the circle, the person 14 people to the left of any player is simply the person on the right.  It started with the person wearing jersey number 6, so it ends up with the person wearing jersey number 5.

Category 3

Number Theory

Meet #4, February, 2003

1.  Amanda bought a new remote control device for her television.  It allows her to advance the channel number by fives.  For example, if she’s watching channel 12 and hits the “advance five” button, the television switches to channel 17.  Amanda has exactly 43 channels on her television, numbered 1 to 43, and the next channel after 43 would be channel 1.  If she starts out on channel 12 and presses the “advance five” button 27 times in a row, what channel will she end up watching?

Hint:  If you press “advance five” 9 times, that’s +45 channels.  The first 43 put you back where you started.

2.  Find the 48th term of the following sequence: 


23, 32, 41, 50, ...  

Hint: One way is to invent a formula for the Nth term.  What is the difference between pairs of numbers?

3. In modular arithmetic, a “unit” is a number that has one (1) as a multiple in a particular modular system.  Let’s say a “unit pair” is a pair of numbers whose product is one and a “unit partner” is the other number in a unit pair if one of the numbers is known.  For example, in Mod 7 the product 
[image: image9.wmf] is equal to 1, so 2 and 4 make a unit pair in Mod 7.  Also, 2 is the unit partner for 4 and 4 is the unit partner for 2 in Mod 7.  (A number can be its own unit partner.)  What is the unit partner for 8 in Mod 19?    



Solutions to Category 3

Number Theory

Meet #4, February, 2003

1.  If Amanda hits the “advance five” button 27 times, she will advance 
[image: image10.wmf] channels.  Since she started at 12, she would be on 135 + 12 = 147 if there were such a channel.  Since the cycle starts over again after channel 43, we need to divide 147 by 43 and find the remainder: 
[image: image11.wmf].  Amanda will go through the cycle three times and land on channel 18.

2.  The terms are increasing by 9 each time.  From the first term to the 48th, there will be exactly 47 increases of 9.  That’s a total increase of 
[image: image12.wmf].  Adding this total increase to our first term of 23, we find that the  48th term of the sequence is 446. 

3.  We are looking for a multiple of 8 that is also one more than a multiple of 19.  Since we are more likely to recognize a multiple of 8, it may help to list numbers that are one more than a multiple of 19.  Starting with one and adding 19’s, we get: 1, 20, 39, 58, 77, 96, etc.  96 is 12 times 8, so the unit partner of 8 is 12.    

Category 3

Number Theory

Meet #4, February, 2002

1.  Rhonda has a “loop” option on her CD player that plays the CD over again after the last track.  When she sat down to start her homework one night, she put her favorite CD in the player, pressed play, and the first of the 17 tracks on the CD began to play.  When Ronda finally finished her homework, she had listened to 57 songs completely and the 58th song was playing.  What was the number of the track that was playing when Rhonda finished her homework?

Hint: If she hears 17 songs and the 18th is playing, she’s on the first song again.  What if she’s heard 34 songs and the 35th is playing?

2.  What is the sum of the first 85 terms of the following sequence?

5, 11, 17, 23, 29, 35,… 

Hint:What is the difference between the numbers?  What is the 85th term?   (First + Last)/2 = Average.

3.  (Hard) The following table is a part of a multiplication table in Modulo 18. 

Find the value of 

 in Modulo 18.

	x
	1
	5
	7
	11
	13
	17

	1
	1
	5
	7
	11
	13
	17

	5
	5
	7
	17
	1
	11
	13

	7
	7
	17
	13
	5
	1
	11

	11
	11
	1
	5
	13
	17
	7

	13
	13
	11
	1
	17
	7
	5

	17
	17
	13
	11
	7
	5
	1


Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 3

Number Theory

Meet #4, February, 2002

	Answers

1.  7

2.  21,845
3.  17
	1.  Rhonda’s CD played through three times completely, which is 

 songs.  The 7th track was playing when she finished her homework (

).  The short cut is to divide 58 by 17 and the remainder of 7 is the answer.

2. In the sequence 5, 11, 17, 23, 29, 35,… the common difference is 6.  This means that 84 sixes will be added to the first term to arrive at the 85th term.  Thus the 85th term is 

.  One way to find the sum of a sequence is to add the first and the last terms, multiply by the number of terms, and divide by two.  Thus our sum is:



.


	3.  Most calculators will show an overflow error if you try to compute 

, so you can’t just calculate 

 and then divide it by 18 to find the remainder.  If we use the multiplication table that was provided to find the first few powers of 11, we see that the pattern shown at right emerges.  There is a cycle of 6 values in the powers of 11 in Mod 18.  We must determine what 99 equals in Mod 6 and then raise 11 to that power.  Since 

, we have 

17.
	

, 



, 






















etc.


Category 3

Number Theory

Meet #4, March 2001

1.  If 17 is the first term of the sequence shown below, find the value of the 8th term.


17,
20,
26,
35,
47,
…

Hint: Find the differences between the terms.  Is there a pattern you can extend?
	2. On the seven-hour clock shown here, 
[image: image13.wmf].  Find the whole number value of x such that 
[image: image14.wmf] and the equation 
[image: image15.wmf] is true on the seven-hour clock.


	[image: image16.wmf]


Hint: You can always do it by trial-and-error.3x0=0, no.  3x1=3, no.  3 x 2 = 6, nope.  How about 3 x 3?
3.  Jeff received a check from his grandmother for his birthday and decided to spend it all on CD’s.  He found that if he bought as many $18 CD’s as he could, he would have no money left over.  Alternatively, if he bought as many $15 CD’s as he could, he would have $12 left over, and if he bought as many $13 CD’s as he could, he would have $7 dollars left over.  What is the least number of dollars that Jeff could have received in the check from his grandmother?

Answers

  1.  _____________

  2.  _____________

  3.  
[image: image17.wmf]
Solutions to Category 3

Number Theory

Meet #4, March 2001

	Answers

1.  101

2.  5
3. $72
	1.  The sequence can be continued to the eighth term as follows:  17, 20, 26, 35, 47, 62, 80, 101.

2.  One way to solve this problem is to jump around the clock by 3’s until you land on 1.  That will happen on the fifth jump, so 
[image: image18.wmf].  Another way to solve 
[image: image19.wmf] on a seven-hour clock is to look at numbers that are one more than a multiple of seven until you find one that is also a multiple of three.  



[image: image20.wmf], but 8 is not a multiple of 3.  

[image: image21.wmf], and 
[image: image22.wmf], so 
[image: image23.wmf].

3.  The amount of money that Jeff received from his grandmother is a multiple of 18 that is also 12 more than a multiple of 15 and 7 more than a multiple of 13.  We want the least positive number that satisfies these three conditions.  The following list of multiples is helpful:

Multiples of 18:     18
36
54
72
90
Multiples of 15:     15
30
45
60
75
Multiples of 13:     13
26
39
52
65
72 is 12 more than 60 and 7 more than 65.  Jeff must have received $72 from his grandmother.

	
	


M4C3 Number Theory Self-Test: 

1) What is the 10th term of the arithmetic sequence -3, 0, 3, 6, …


2) On a regular 12-hour wall clock, the hour hand is pointing at the 3.  You then patiently wait for 99 hours.  What number is it pointing at now?



3) Oskari’s experiment started on Monday at noon.  After 22.25 days, the explosion occurred that ended the experiment.  What time of what day of the week was it then?



4) Picture a round Modulo-5 clock, with the numbers 0 through 4 spaced evenly around the outside.  What numbers when squared give 1?  For example, 1x1=1 which is 1 in Modulo 5.  There may be others! 


5) What is the average of the first 21 terms of the arithmetic sequence 
 
-20, -15, -10, -5, … ??


6) What is the sum of the first 20 terms of the arithmetic sequence 2, 23, 44, 65, 86, ….


7) What is 52006 in Modulo 4?


Answers:

1) 10th term is 24 (the Nth term is 3N-6)
2) 6.  Every 12 hours it’s again at 3, so after 96=8x12 hours it’s still 3.  3 hours later: 6.
3) Tuesday 6 pm.  After 21 days it’s the same time of the week.  0.25 days is 6 hours.
4) 1, 4.  4x4=16, which in Modulo 5 is 1.  Or, you can think of 4 as -1 since adding 4 to any number gives that number minus 1, and see that 4x-1 = 1.
5) 30.  You can count on your fingers to find the 11th term.  Or, you can say the Nth term is 5N-25, and so the 21st term is 105-25-80, so the average term is (80+-20)/2=30.

6) 4030.  The Nth term is 21N-19, so the 20th term is 401, and the average term is (1st+Last)/2=403/2=201.5.  The sum is the average x 20 = 4030.

7) 1.  Every power of 5 starting with 52 ends with the two digits 25.  Any number ending in 24 is a multiple of 4, so when you divide  xxxxx25 by 4 you get a remainder of 1.  This week’s secret word ends with ‘sive’.
Geniuses Only - Advanced Stuff You May See on AMC-10:

Subscripts:
Mathematicians use subscripts like this: X5 or “X sub five” to indicate the 5th term of a sequence.  For example:

 

[image: image24.wmf]   X is “the sequence of odd numbers, where 
 



X sub n is the nth odd number.”

For example, X1 = 2·1-1 = 1, the first odd number.   X2 = 2·2-1 = 3.

What is X100(“X sub 100”)?   

Answer: 2·100-1 = 199, the 100th odd number.

You can give a sequence “using itself” like this:

 

[image: image25.wmf]
To understand this, you see from the first line what X1 is.  But to find X2 you need the second line.  Set n=2 and see: X2 = X2-1+2 = X1+2 = 1+2 = 3

What is X3?   X3 = X2 + 2, or 3+2=5.   This is another way to list the odd numbers.  It’s called recursive because it uses itself.  See page 3.

Example:  If X0=1 and Xn=Xn-1 · 2, what is X6 ? 

Answer: X1=X0 · 2 =2, and X2 = X1 · 2 = 2 · 2 = 4

Hey, it doubles each time!  Xn = 2n or powers of two.  So, 26=64.

Summation:

Mathematicians use the Greek letter Sigma ( to mean “sum of a sequence.”

For example, what is the sum of the natural numbers 1 to 5?

You could just do 1+2+3+4+5 = 15 and be done, but mathematicians have fancier ways that can make more complex problems appear simpler:

 


[image: image26.wmf]  “Sum, with k goes from 1 to 5, of k”

If you wanted to sum the squares of numbers up to 10, you could write:


[image: image27.wmf]= 12 + 22 + 32 + 42 + … 102  
Example: What is 
[image: image28.wmf]  ?   
Answer: 6.  2+2+2 

Example: What is the value of  
[image: image29.wmf] ?    Answer: 2x1+2x2+2x3 = 12

Hard: If Xn = n(n+1)/2, what is 
[image: image30.wmf] ??

Answer: 10, as X ={0,1,3,6,…}
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You may use a calculator today!
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Answers


  1.  _______________


  2.  _______________


  3.  x = ____________








Hint:Trial-and-error works here; make a table of values of x from 0 to 14, and compute 6x+5 (mod 15) for each.  For example, if x=2 then 6x+5=12+5=17, but in mod 15 (remainder when dividing by 15) we get 2.








Answers





1.  60





2.  1600





3.  4, 9, 14





You may use a calculator today!





Hint: This is Modulo 15 arithmetic.  How many passes until it returns to the original  (number 6) person?   Draw the picture and notice that after 4 passes it is at number 7.  What happens after 15 passes?








Answers


  1.  _______________


  2.  _______________


  3.  _______________








Answers





1.  381





2.  29,064





3.  5





Answers


  1.  _______________


  2.  _______________


  3.  _______________








Hint: Let’s try 3:  8x3=24, and 24 Mod 19 = 5.  Oops, we want it to be 1.  Now try 5: 8x5=40, and 40 Mod 19 = 2.  Nope.





Answers





1.  18





2.  446





3.  12





Answers


  1.  _______________


  2.  _______________


  3.  _______________








You may use a calculator today!





Hint:The table can be helpful, but you can ignore it if you like.  Make a list of powers of 11 and what each one is in modulo 18:  111=11(mod 18); 112=121 = 13 (mod 18) [because 6·18=108, so 121/13= 6 with a remainder of 13).  Keep going with additional powers of 11 until you see a pattern.


            		OR – Use the chart. 


Always use the 11 row.  11x11 (mod 18) is 13 (row 11 and column 11).  Now do 11x13 (mod 18) to get 113 mod 18, which is 17.  You’ll see a pattern emerge.





You may use a calculator today!





Hint: Find a multiple of 18, that if you divide it by 15, you get a remainder of 12.  Then check that dividing it by 13 gives a remainder of 7.  Start by listing multiples of 18.





The first term is 1


Each term is 2 more than the previous term.





“The sum of K squared where K goes from 1 to 10.”





Harder: What is � EMBED Equation.3  ���� EMBED Equation.3  ���					Answer: 1
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