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Self-study Packet 

1. Mystery: ?

2. Geometry: Properties of polygons, Pythagorean Theorem 

3. Number Theory: Bases, scientific notation 

4. Arithmetic: Integral powers (positive, negative, and zero), roots up the sixth 

5. Algebra: Absolute value, inequalities in one variable including interpreting line graphs 

For current schedule or information, 

see http://www.imlem.org
Meet #3 – Algebra -- Ideas you should know:
Absolute Value: “positive value” or “distance from zero”:  |3| = 3,  |-3| = 3

Solving absolute value equations – do twice, once for <0 and once for >0:

Example: |x-1| = 3, what values could x have?

Answer:  
1) Assume x-1 > 0, then x-1=3 ( x = 4.

 

2) Assume x-1 < 0, then |x-1| = -(x-1) = 3 ( -x+1=3 ( x=-2

 
So, the two solutions are x = 4 or -2

Inequalities: 
<   “less than” 

5 < 10 (five is less than ten)

>  “Greater than”


≤  “less than or equal to”
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[image: image55..pict]Graphing Inequalities:  


Solving inequalities – Do same operations to each side… but!

** Add/subtract same thing to each side:  If X+2 < 7  then  X<5

** Multiply or divide each side by a POSITIVE number: If 2X>8 then X>4

** Multiply or divide each side by a NEGATIVE and REVERSE the direction:

If -2X > 4   then divide each side by -2: 
      X < -2  (switched > to <)

Bob’s Example:   Simplify   2(x-1) < 4

Answer:  Divide each side by 2:   x-1 < 2    then +1 to each side:   x < 3

Example: Simplify  -3(x+1) < 12

Answer: Divide each side by -3 (reversing inequality): x+1 > -4

 
Then subtract 1:  x > -5

Quick Trick for checking/solving inequalities: “Pretend they’re equalities.”

Applied to Bob’s Example above: Check x<3 as solution to 2(x-1)<4.
Answer: Write as equation: 2(x-1)=4 and x=3; plug in x: 2(3-1)=4, YES!

 (Sometimes this says “right” when it’s really wrong… see CAUTION below.)

This can also be a short-cut for figuring out complex inequalities:

Example: What B makes this true: 
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	Traditional Solution
	Quick Trick Solution

	Get X on one side of inequality:
	Pretend we have equalities:
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CAUTION: The “Quick Trick” check may say you’re right when you’re wrong, such as if you reverse the inequality: Is X<2 the same as 2X>4?  No.

However, it is good for all the math league questions in this packet, though you should also do the problem the hard way to be sure.

Three-way Inequalities:
Example: In the inequality 
[image: image6.wmf], what is the set of integer solutions for n?

Answer: Just do it like any inequality but do operations to all 3 sides:

 EMBED Equation.3  
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If we had to multiply or divide by a negative, we would reverse BOTH inequalities:


[image: image8.wmf]
Secret word: flummox – Remember this for the try-out Thursday.  We’ve heard that only ONE student reads these descriptions, and that’s you.  Write this on your paper at the try-out so we can recognize you.

Absolute Value in Denominator problems:

Example: How many integer values of n make this be true?   
[image: image9.wmf]
Answer: First, assume n>0 so |n|=n.  Multiply each side by n: 3n < 12
 
which simplfies to n<4, so n=1,2,3 (n can’t be zero – divide by 0!)


Now assume n<0, so |n|=-n: 
[image: image10.wmf]

Multiply each side by n (reversing the inequality): 3n > -12

and divide each side by 3: n > -4, so n=-3, -2, -1 (but not 0)


So there are 6 values for n: -3,-2,-1,  1, 2, 3

Absolute Value / Number of Factors problems:
Example: For how many integer values of n is 
[image: image11.wmf] a positive integer?

Answer: We can ignore the +3 because if n is an integer, so is n+3: 
[image: image12.wmf]
If m>0, we count the number of factors of 12: 22·31, (2+1) ·(1+1)=6 factors

So m=1,2,3,4,6,12 works.  But negatives work too, so 6 more: Answer: 12
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1.  Find the positive difference between the two solutions of the equation below. 

(Remember that |x| means “absolute value of x” or “make positive.”)



[image: image13.wmf]
Hint: Assume 6x-4 is ù 0, and you can solve without the absolute value.  Now assume <0, so 6x-4=-36.  Solve again.

2.  How many integer values of n make the following inequality a true statement?
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Hint: If n>0, you can do away with the absolute value, and simplify.  Then repeat for n<0 but remember to reverse the inequality if you multiply each side by a negative number.  What if n=0?

3.  For what value of B is the solution set of the equation below given by the graph below?
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1.  To solve the equation 
[image: image16.wmf], we need to solve for both the positive and the negative results.
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The positive difference between these two solutions is 
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2.  The inequality 
[image: image20.wmf] is true for the following ten (10) integer values of n:  -5, -4, -3, -2, -1, 1, 2, 3, 4, 5.

3.  The solution set given by the line graph is 
[image: image21.wmf].  If we solve the inequality for x, we get: 
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We now want to know when 11 – B/3 is equal to 5.  We can solve the related equation 11 – 5 = B/3, for which B must be 18.

Note: Quick Trick solution (“Pretend They’re Equalities”)
Plug in x=5:  3(20+5)-45+B=48, or 30+B=48, or B=18.   Checks!
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1.  What is the positive difference between the two solutions of the following equation?  Express your answer as a mixed number in lowest terms.


[image: image23.wmf]
Hint: The expression inside the absolute value bars can be 4 or -4.  Solve for each.

2.  What is the sum of all the integer solutions of the double inequality below?




Hint: Multiply all three sides by 14, etc., until x is alone.  Can you think of a trick for adding all these?

3.  What value of B will make the solution of the inequality below match the solution given by the graph below? 
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1.  We must solve the two distinct equations below:
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The desired difference is     
[image: image27.wmf]
2.  First, we need to solve the two inequalities separately.
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We now need to find the sum of the integers from –48 to 50.  Every negative integer in this list will find its opposite and make a sum of zero, leaving just 49 and 50.  The final sum is 99. 


3.  The graph shows the solution 
[image: image30.wmf].  We need to isolate the variable x in the inequality.  
[image: image31.wmf].  Multiplying both sides by –1 switches the direction of the inequality, so we end up with:  
[image: image32.wmf].  Now we need to solve 
[image: image33.wmf] for B.  This simplifies to 51 – B = 15, and finally B = 36.

Note: Quick Trick solution (“pretend they’re equalities”):
 
x=-15 and –x+B=3·17 ( 15+B=51, B=36.
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1.  Given the following set of numbers, find the absolute value of the difference between 
 
the sum of the absolute values of the numbers
and
 
the absolute value of the sum of the numbers.
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Hint: Work from the inside out – add the numbers, and also add their absolute values.

2.  For how many integer values of n is  
[image: image35.wmf]a positive integer?

Hint: If n is an integer, so is n-3.  How many factors does 28 have, including 1 and 28?

3.  For what value of a is the solution set of the inequality below given by the graph below?   


[image: image36.wmf]


Solutions to Category 5

Algebra

Meet #3, January, 2003

1.  First let’s find the sum of the absolute values of the numbers in the set: 
[image: image37.wmf] 
[image: image38.wmf].  Now let’s find the absolute value of the sum of the numbers in the set: 
[image: image39.wmf].  Finally, the absolute value of the difference is
[image: image40.wmf]44.

2.  For the expression 
[image: image41.wmf] to have an integer value, the denominator, 
[image: image42.wmf], must be a factor of 28.  There are six positive factors of 28 (namely 1, 2, 4, 7, 14, and 28) and the corresponding six negative factors of 28.  Thus there are twelve (12) different values of n for which the expression is an integer.  It is not necessary to determine those values of n, but they are -25, -11, -4, -1, 1, 2, 4, 5, 7, 10, 17, and 31.

3.  The graph shows x > 6.  Distributing and combining like terms, we get:
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Adding 12 to both sides we get:
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When we divide both sides of the equation by -5, the inequality switches direction, so we have:
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Now we must find the value of a so that the expression on the right equals 6.
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Note: Quick Trick approach: “Pretend they’re equalities”
X=6 and 3(2x-7)+9-11x=3a (3(5)+9-66=3a
or 24-66=3a (-42=3a ( a=-14
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1.  How many integer values of n satisfy the inequality 

?

Hint: First solve for n>0.  15/n>4(15/4>n(3.75>n, so how many positive integer n’s are there?  Now try n<0

2.  Find the least value of x that makes the following equation true.  Express your answer as a mixed number in lowest terms.  




Hint: There are two solutions here, one where 5x-17 > 0 and one where it’s <0.  Solve both.

3.  Solve the following inequality for x.  Write your solution in full, using x and the appropriate inequality symbol.




Answers

  1.  _____________

  2.  _____________

  3.  _____________
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	Answers

1.  6

2.  


3.  


	1.  There are 6 integer values of n that satisfy the inequality 

.  They are: 
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2.  We can expect two solutions to this equation; one for 

 and another for 

.  Solving the first equation, we get:



 and then 

.  Solving the second equation, we get:

 and then 

.  This second solution is the least possible solution. 

3.  As a first step, we can either divide both sides of the equation by 

 or distribute the factor of 

.  The inequality is solved both ways below.  In both cases, we must remember that the inequality changes direction when we divide both sides by a negative number.





or
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1.  Find the positive difference between the two values of x that make the following equation true. 




Hint: Solve for 2x-7 is negative and for 2x-7 is positive, since absolute value makes both positive.

2.  Find the set of all the integer values of x, such that




Hint: First find the solutions (x values) where x>0, such as x=1 works.  Then find the ones where x is negative.

3.  The solution set of the equation 

 is given by the graph shown below.  What value of C will make this true?   


Answers

  1.  _______________

  2.  


  3.  _______________
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	Answers

1.  19

2.  


3.  44
	1.  To solve an equation with absolute value we must pursue two possibilities.  In this case, 

 could equal 19 or 

.  



















The positive difference between these two solutions is 19.


2.  The absolute value of x must remain small so that the quotient remains greater than 3.  The six possibilities are as follows:




















The set, then, is 

.
3.  First we distribute and combine like terms.  




 













We see from the line graph that the solution is 

.  That means that 

.  Now we solve for C.  

, so 

.

Note: Quick Trick solution: “Pretend they’re equalities”
X=6 and 9x+3(6-x)-C=10 ( 9·6+3(6-6)-C=10 ( 54-C=10, C=44
x
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Answers





1.  44
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Answers


  1.  _______________


  2.  _______________


  3.  _______________
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3.  36
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  1.  _______________
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1.  12





2.  10





3.  18
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X<2





So the solutions are�n = {1, 2, 3, 4}





Hint: Multiply each side of the inequality by 17, subtract B, then multiply by -1 (and reverse the inequality).  Compare this to the line graph inequality and figure out B.





Hint: Simplify the inequality by getting x on a side by itself.  Then compare to the inequality on the line graph.





There’s a “Quick Trick” for solving these – see pages 2-3 of this handout.  (“Pretend they’re equalities” and plug in x=5)





Hint: Simplify the first inequality, trying to put x on a side by itself.


Remember to reverse the inequality if you divide by a negative.





Hint: Simplify, trying to put x on a side by itself.


Remember to reverse the inequality if you divide by a negative.





� EMBED Equation.3  ���





Hint: Simplify, trying to put x on a side by itself. 


Start by distributing the 3.


Then compare to the inequality shown in the line graph.


Remember to reverse the inequality if you divide by a negative.
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