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Self-study Packet 

1. Mystery: ? 

2. Geometry: Properties of polygons, Pythagorean Theorem 

3. Number Theory: Bases, scientific notation 

4. Arithmetic: Integral powers (positive, negative, and zero), roots up the sixth 

5. Algebra: Absolute value, inequalities in one variable including interpreting line graphs 

For current schedule or information, 

see http://www.imlem.org

Meet #3 – Geometry – Ideas you should know
Pythagorean Theorem: 

In a right angled triangle the square of the hypotenuse is equal to the sum of the squares of the other two sides.
For any right-triangle where C is the hypoteneuse (the long diagonal side):
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a2 + b2 = c2
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The only whole number value between 10 and 12 is 11, so the polygon must have 1

11 sides.

3. Square ABCD has an area of 144 square units, so its
side length is 12. Length DL is 5, so triangle ADL is a
5-12-13 triangle as the Pythagorean Theorem confirms:
57 +12° =25+144=169 and 13° =169.

We are also given that square EFGH has an area of 16
square units, so its side length is 4 units. Triangle EHK
is a 3-4-5 triangle, since 5° —4% =25-16=9 and

3% =9. We can now label all the side lengths in the
figure as shown at right. The perimeter is
1241241344 +44+543+3+5+13+13+13 =100
units. )
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a2 + b2 = c2




a2 + b2 = c2






52 + 122 = c2




92 + b2 = 152





25 + 144 = 169



       81 + b2 = 225





c2 = 169





b2 = 144  




c = √169      c = 13


   b = √144  b = 12
Pythagorean Triples: These are simply sets of whole numbers which fit the rule: a2 + b2 = c2 

Multiples of the triples also fit the rule.

3,4,5 Triangle

5,12,13 triangle

9,40,41 Triangle

32 + 42 = 52

52 + 122 = 132

92 + 402 = 412
  


[image: image63..pict]Number of diagonals of a polygon:  
If S is the number of sides, Diagonals = S(S-3)/2
[image: image64.bmp]There are S-3 diagonals you can draw from each of S sides, 
but each is counted twice, so divide by 2.

  ¿How many diagonals does a 23-sided polygon have?



Answer: 230  = 23x20/2 = 23x10.
Interior angle / Exterior Angle: 
The Interior Angles of a Triangle add up to 180°
[image: image1.wmf]
The Interior Angles of a Quadrilateral add up to 360°
Because there are Two Triangles in a Square
[image: image65..pict]

A pentagon has 5 sides, and can be made from three 

triangles - its internal angles add up to 


3 × 180° = 540°

if it is a regular pentagon (all angles the same), then 
each angle is 540° / 5 = 108°

Any Polygon: Sum of Internal Angles = (n-2) × 180°


             Each Angle = (n-2) × 180° / n
[image: image66..pict][image: image67..pict]
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A polygon is a many sided, closed shape with straight sides.

Triangle



Square  


Pentagon
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Hexagon



Heptagon


Octagon
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Nonagon



Decagon


Dodecagon
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These shapes are known as regular polygons. 

To be a regular polygon all the sides and angles must be the same.

Concave or Convex

A convex polygon has no angles pointing inwards. More precisely, no internal angles can be more than 180°.
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If there are any internal angles greater than 180° then it is concave. (Think: concave has a "cave" in it)
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Category 2

Geometry

Meet #3, January 2006

1.  How many degrees are in the measure of an interior angle of a regular 15-gon? 

Hint: An exterior angle is a supplement of the corresponding interior angle.  Exterior angles add to 360°.

2.  A certain polygon has 
[image: image13.wmf] times as many diagonals as sides.  How many sides are there on this polygon?  Note: A diagonal is a line segment that connects two non-adjacent vertices of a polygon.

Hint: There is a formula for computing the number of diagonals in a polygon with S sides: D=S(S-3)/2.

3.  Three right triangles are joined together to form the concave pentagon shown below.  The measure of GA is 15 units, AS is 20 units, SM is 21 units, and ME is 35 units.  How many units are in the perimeter of pentagon GAMES? 





Solutions to Category 2
Geometry

Meet #3, January 2006

1.  If we draw line segments from one vertex to all the non-adjacent vertices, we can subdivide the 15-gon into 13 triangles. Each triangle has an angle sum of 180 degrees, so the sum of the interior angles of the 15-gon must be 13 ( 180 = 2340 degrees.  Since the 15-gon is regular, this total is shared equally among the 15 interior angles.  Each interior angle must have a measure of 2340 ÷ 15 = 156 degrees.

2.  The polygon in question must have an even number of sides, since we are multiplying by 
[image: image14.wmf] and the number of diagonals must be a whole number.  A square has only 2 diagonals, so let’s try a hexagon. From each vertex of a hexagon we can draw 3 diagonals.  If we simply multiply 6 ( 3, we will have counted each diagonal twice, so there must be only 6 ( 3 ÷ 2 = 9 diagonals in a hexagon.  This is only 
[image: image15.wmf] times the number of sides.  Now let’s try an octagon.  From each vertex of an octagon we can draw 5 diagonals.  That’s 8 ( 5 ÷ 2 = 20 diagonals in all.  Twenty is exactly 
[image: image16.wmf] times 8, so our polygon has 8 sides.

3.  We can use the Pythagorean Theorem to find 
the lengths of sides AM, GS, and SE.  Let the the measure of AM be x.  Then 
[image: image17.wmf].  This means 
[image: image18.wmf].  Since 
[image: image19.wmf], 
x must be 29 units.  Let the measure of GS be y.  Then 
[image: image20.wmf].  (Here we might recognize 
a multiple of the 3-4-5 Pythagorean Triple.)  This means 
[image: image21.wmf].  Since 
[image: image22.wmf], 
y must be 25 units.  Finally, let the measure of 
SE be z.  Then 
[image: image23.wmf].  This means 
[image: image24.wmf].  Since 
[image: image25.wmf], z must be 28 units.  The perimeter of polygon GAMES is thus 15 + 29 + 35 + 28 + 25 = 132 units.

Category 2

Geometry

Meet #3, January 2005

1.  A certain polygon has twice as many diagonals as sides.  How many sides are there on this polygon?  Note:  A diagonal in a polygon is any line segment that connects two vertices and is not a side.

Hint: Make a chart of polygons and how many diagonals they have. For example, a triangle has 3 sides but 0 diagonals.  A square has 4 sides and 2 diagonals.  A pentagon has 5 sides and 5 diagonals. 

2.  The figure below shows the design of a raft which floats in the middle of a lake.  The raft is made of a number of square sections that are linked together.  
If the perimeter of the raft is 220 feet, how many square feet are in the area of the raft?  

Hint: Find the total perimeter in section-widths, and then the length of a section’s side.

3.  In the figure below, triangles ABC, ACD, and ADE are right triangles, and sides AB, BC, CD, and DE have the same measure.  If the measure of side AB is 2 centimeters, how many centimeters are there in the measure of side AE?



Solutions to Category 2

Geometry

Meet #3, January 2005

1.  The table below shows the number of diagonals for several polygons.  The heptagon with 7 sides has 14 diagonals, which is twice the number of sides.

	Polygon
	Sides
	Diagonals
	Increase

	Triangle
	3
	0
	

	Square
	4
	2
	2

	Pentagon
	5
	5
	3

	Hexagon
	6
	9
	4

	Heptagon
	7
	14
	5

	Octagon
	8
	20
	6



2.  There are 44 side lengths of the square sections in the perimeter of the raft, so each square must have a side length of 220 feet ÷ 44 = 5 feet.  The area of each square is thus 5 feet ( 5 feet = 25 square feet.  
The raft is made of 25 sections, so the area of the raft is 25 ( 25 square feet = 625 square feet. 

3.  We will have to use the Pythagorean Theorem three times to calculate the length of each hypotenuse.  Let the length of AC = x, the length of AD = y, and the length of AE = z.  Then we find x as follows:


[image: image26.wmf]   

We find y as follows:


[image: image27.wmf]
Finally, we find z as follows:


[image: image28.wmf].  So the length of AE is 4 centimeters.

Category 2

Geometry

Meet #3, January 2004

1.    How many diagonals can be drawn in a decagon?  

Note: A decagon is a polygon with 10 sides and a diagonal of a polygon is a segment which connects any two non-consecutive vertices.

Hint: It would be hard to draw and be sure you have them all.  Instead, make a chart of polygons and find a pattern.  Triangle: 3 sides, 0 diagonals.  Square: 4 sides, 2 diagonals.  Pentagaon: 5 sides, 5 diagonals.
2.  A regular polygon has an interior angle measure that is greater than 144 degrees and less than 150 degrees.  How many sides does the polygon have?

Hint: The Internal angle and its External angle add to 180° All external angles add to 360° 

	3.  In the figure at right, every quadrilateral is a square and every triangle is a right triangle. The area of square ABCD is 144 square units and the area of square EFGH is 16 square units.  Length LK is 5 units.  How many units are in the perimeter of the figure (polygon ABCEFGIJKLMN)?


	[image: image29.wmf]


Solutions to Category 2

Geometry

Meet #3, January 2004



2.  A polygon with n sides can be subdivided into n – 2 triangles, each with an angle sum of 180.  This gives the n-gon a total angle sum of 
[image: image30.wmf] or 
[image: image31.wmf].  If the n-gon is regular, then all n of its interior angles will have the angle measure 
[image: image32.wmf].  We are looking to satisfy the double inequality 
[image: image33.wmf] with a whole-number value of n. Solving each inequality, we get:
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The only whole number value between 10 and 12 is 11, so the polygon must have 11 sides.

3.  Square ABCE has an area of 144 square units, so we know that its side length in 12.  The side length of square DEKL is 5.  This gives us both legs of right triangle ADL, so we can calculate the hypotenuse using the Pythagorean Theorem as follows: 


[image: image36.wmf] and 
[image: image37.wmf].

The measure of segment AL is thus 13 units, as are all sides of square ALMN.  

We are also given that sqaure EFGH has an area of 16 square units and thus a side length of 4 units.  This time we know the hypotenuse and one of the legs of the right triangle EHK, so we can calculate the side length of the other leg as follows:  
[image: image38.wmf] and 
[image: image39.wmf].  

The measure of segment HK is thus 3 units, as are all sides of square HIJK.  

We can now label all the side lengths in polygon ABCEFGIJKLMN as shown above.  The perimeter is 
[image: image40.wmf]

 EMBED Equation.3  [image: image41.wmf] = 100 units.
Category 2

Geometry

Meet #3, January, 2003

1.    How many more diagonals can be drawn in a nonagon (a polygon with 9 sides) than in a septagon (a polygon with 7 sides)?  (A diagonal of a polygon is a segment which connects any two non-consecutive vertices.)

Hint: If you know the formula for the number of diagonals of a convex polygon, S(S-3)/2, this is easier.
2.  An interior angle of a regular polygon is five times as great as an exterior angle on the same regular polygon.  How many sides does the polygon have? 

Hint: An interior angle and its exterior angle are supplements (add to 180°).  If I+E=180, and I=5E, what is E?

3.  In the figure at right, segment YG measures 8 units, angle PGY is a right angle, square THAY has an area of 100 square units, angle OGA is a right angle, PGRO is a square, and triangle PGY has an area of 60 square units.   How many units are in the perimeter of polygon PYTHAGOR?



Solutions to Category 2

Geometry

Meet #3, January, 2003


1.  The nonagon and the septagon need not be regular to determine the number of diagonals in each.  From each vertex of the septagon, four diagonals can be drawn.  If we multiply 4 • 7 = 28, we have counted each diagonal twice, so there must be 28 ÷ 2 = 14 diagonals.  Similarly for the nonagon, we can draw six diagonals from each vertex, so there are 6 • 9 ÷ 2 = 27 diagonals.  Thus there are 27 – 14 = 13 more diagonals on the nonagon than there are on the septagon.


2.  An interior angle and an exterior angle of a regular polygon must be supplementary, that is they add up to 180 degrees.  Since the interior angle is five times the exterior angle, we have x + 5x = 180.  Solving this equation, we get 6x = 180 and x = 30 degrees.  In general, the exterior angle of a regular polygon is equal to 360 divided by the number of sides.  Thus we have 360 ÷ n = 30, and n must be 12.  The polygon has twelve sides.
3.  Since square THAY has an area of 100 square units, we know its side length is 10 units.  We now know YA is 10 and YG is 8.  Using the Pythagorean Theorem, we can calculate the length GA.  We have 
[image: image42.wmf] 
[image: image43.wmf] 
[image: image44.wmf], so GA is 6 units.  Since the area of triangle PGY is 60 square units and the height is known to be 8 units, we can find the length of PG by solving 
[image: image45.wmf] for x.  PG is 15 units.  Using the Pythagorean Theorem, we can calculate the length of PY: 
[image: image46.wmf], so PY is 17 units.  The perimeter of polygon PYTHAGOR is thus 17 + 10 + 10 + 10 + 6 + 15 + 15 + 15 = 98 units.  [Ed note: The original meet problem did not specify that PGRO is a square.  Thanks to Danny Walker for pointing this out 12/2003.]
Category 2

Geometry

Meet #3, January, 2002

1.  An exterior angle of a regular polygon measures 15 degrees.  How many sides does the polygon have?

Hint: If you extend one side in a straight line, you form an angle with the next side.  
That’s the external angle.  What do the external angles sum to?

	2.  What is the maximum number of diagonals that can be drawn in the dodecagon shown at right?
	[image: image47.wmf]


Hint: Let S be the number of vertices (corners).  What is S?  How many diagonals can you draw from one vertex?  

3.  Given a right triangle, the Pythagorean Theorem tells us that the sum of the squares on the legs is equal to the square on the hypotenuse.  The converse is also true, that is, if the sum of the squares on the shorter sides of a triangle is equal to the square on the longest side of the triangle, then the triangle is a right triangle.  Write the letter(s) of those triangles below which are not right triangles.

A. [image: image48.wmf]
B. [image: image49.wmf]
C. [image: image50.wmf]
D.  [image: image51.wmf]
E.  [image: image52.wmf]
F. [image: image53.wmf]
Answers

  1.  _____________

  2.  _____________

  3.  _____________


Solutions to Category 2

Geometry

Meet #3, January, 2002

	Answers

1.  24

2.  54

3.  D, F


	1.  If a person were to walk around the polygon, he would turn 15 degrees at each vertex and continue walking along each side.  Since 

, he will turn 15 degrees at each of 24 vertices before returning to his starting point.    A polygon with 24 vertices must have 24 sides.  

2.  Each vertex of a dodecagon can be connected to each of the 11 other vertices; 2 of those lines are sides of the dodecagon and the other 9 are diagonals.  If we count 9 diagonals for each of the 12 vertices, we get 

, but we have counted each diagonal twice.  Thus, the total number of diagonals is 

.

[image: image54.wmf]     [image: image55.wmf]


3.  Testing the Pythagorean relationship for each triangle, we get:

A.  

 and 

, so it is a right triangle.

B.  

 and 

, so it is a right triangle.

C.  

 and 

, so it is a right triangle.

D.  

 but 

, so it’s not a right triangle.

E.  

 and 

, so it is a right triangle.

F.  

 but 

, so it’s not a right triangle.

Triangles D and F are not right triangles.

Category 2

Geometry

Meet #3, January 2001

1.  How many inches are in the side length of a square that has half the area of the parallelogram shown below?




2.  Triangle PYTH is a right triangle with 

 cm and 

 cm.  How many centimeters long is 

, which is an altitude relative to side 

?



3.  Mr. Snood packed his homing pigeon, Homer, in the car one Saturday morning and set out for a drive.  He drove 7 miles due west, then 6 miles due south, then 14 miles due west, then 4 miles due south, and finally 3 more miles due west.  He then released Homer from his cage and the bird flew off toward home.  How many miles will Homer have to fly if he flies directly back to the house?  

Answers

  1.  _____________

  2.  _____________

  3.  _____________



Solutions to Category 2

Geometry

Meet #3, January 2001

	Answers

1.  7

2.  4.8

3.  26
	1.  The area of the parallelogram is 

 square inches.  Half of 98 is 49, so the square has a side length of 7 inches.

2.  Using the Pythagorean theorem, we can find the length of 

.  

, so 

 cm.  The area of the triangle is 

 square centimeters.  Using 

 as base and the unknown 

 as height, we have 

.  

 cm.

3.  We can swap Mr. Snood’s actual drive for the right triangle shown below.  He drove a total of 24 miles due west and 10 miles due south, so Homer’s flight is the hypotenuse of the right triangle. 





 EMBED Word.Picture.6  

Using the Pythagorean Theorem, we calculate: 




Note that this is a doubled 5-12-13 triangle.










































































Hint: Label the lengths, then use Pythagorean theorem (A2+B2=C2) to find the 3rd side. 


Hard part: 841 is the square of what?  It’s an integer.








Answers


  1.  _______________


  2.  _______________


  3.  _______________
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Answers





1.  156





2.  8





3.  132











Hint: What is the area of this shape?�What square would have half this area?





Hint: Label the sides with their lengths.  You can figure out the length of YH – remember Pythagoreas?   Now use that as a “base.”





Hint: If you know your Pythagorean triples, such as 3-4-5, 7-24-25, this is easy.  Otherwise, test A2+B2=C2 on each one.





¿What is the interior angle �of a Dodecagon (12 sides)?  �     Answer: 180-360/12 = 150°  (Int. = 180 – Ext.)





¿What is the exterior angle �of a Decagon (10 sides)?  �     Answer: 360/10 = 36°�        (Exterior angles add to 360°)








Interior


angle








Exterior angle = supplement of Interior angle


Exterior angles add to 360°�





Pentagon: S=5


Diagonals: S(S-3)/2


= 5(2)/2=5 diagonals












































Answers: 


1.  35      2.  11     3.  100
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Answers





1.  13





2.  12





3.  98
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Answers


  1.  _______________


  2.  _______________


  3.  _______________
































Hint: Total miles he drove West = ?  Total miles he drove South = ?


Draw a triangle with those side lengths.





Hint: Go through the clues and label each side length as you figure it out.  Use the area of PGY and its altitude YG=8 to find PG. 





Hint: Go through the clues and label each side length as you figure it out.  Then use Pythagorean Theorem to get the rest. 





Answers


  1.  _______________


  2.  _______________


  3.  _______________











Hint: Label each right angle with a little square.  Draw a little line across each side that is the same length.  Now, using Pythagorean Theorem (A2+B2=C2) find what the measure of AC is.  Example:





1.  The table below shows one way to arrive at the 35 diagonals that can be drawn in a decagon.





Name of Polygon�
Sides�
Diagonals�
Increase�
�
Triangle�
3�
0�
�
�
Square�
4�
2�
2�
�
Pentagon�
5�
5�
3�
�
Hexagon�
6�
9�
4�
�
Heptagon�
7�
14�
5�
�
Octagon�
8�
20�
6�
�
Nonagon�
9�
27�
7�
�
Decagon�
10�
35�
8�
�






Answers


  1.  _______________


  2.  _______________


  3.  _______________








�





Answers





1.  7





2.  625





3.  4
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