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Self-study Packet 
1. Mystery: Problem solving

2. Geometry: Area and perimeter of polygons 

3. Number Theory: GCF, LCM, prime factorization 

4. Arithmetic: Fractions, terminating and repeating decimals, percents 

5. Algebra: Word problems with 1 unknown; working with formulas; reasoning in number sentences 
For current schedule or information,

See http://www.imlem.org

Meet #2 – Number Theory

Ideas you should know:

What is a "Factor" ?

"Any of the numbers that can be multiplied together to make another number".   It is easier to understand by example:

	The factors of 12 are 1,2,3,4,6 and 12 ...

... because 2 × 6 = 12, or 4 × 3 = 12, or 1 × 12 = 12.


What is a "Common Factor" ?

It is a common factor if it is a factor of two or more numbers - it is then "common to" those numbers.  For example, if you work out the factors of two different numbers (say 12 and 30) the common factors are those that are found in both numbers:

	The factors of 12 are 1, 2, 3, 4, 6 and 12

	The factors of 30 are 1, 2, 3, 5, 6, 10, 15 and 30

	 

	Notice that 1,2,3 and 6 appear in both lists? So, the common factors of 12 and 30 are: 1, 2, 3 and 6


Prime Factorization – every number can be written as a product of primes   "Prime Factorization" is finding which prime numbers you need to multiply together to get the original number.

Example 1

What are the prime factors of 12?

It is best to start working from the smallest prime number, which is 2, so let's check:


12 ÷ 2 = 6

But 6 is not a prime number, so we need to factor it further:

6 ÷ 2 = 3

And 3 is a prime number, so:         12 = 2 × 2 × 3  =  22 x 3
As you can see, every factor is a prime number, 

Example 2

What is the prime factorization of 96?  Use a factor tree – find two factors or the number, then keep branching until all numbers are prime





[image: image2.wmf]
What is the "Greatest Common Factor" ?

It is simply the largest of the common factors. 

Finding the Greatest Common Factor

(a) You can simply find all factors of both numbers, select the ones that are common to both, and then choose the greatest.

	Two Numbers
	All Factors
	Common Factors
	Greatest

Common Factor

	9 and 12
	9: 1,3,9

12: 1,2,3,4,6,12
	1,3
	3

	6 and 18
	6: 1,2,3,6

18: 1,2,3,6,9,18
	1,2,3,6
	6


(b) Prime Factorization: find the intersection of the prime factorizations of each number, what do they have in common (for each prime factor take the snaller of the two exponents)


24 and 108:

2 × 2 × 2 × 3 = 24, and





2 × 2 × 3 × 3 × 3 = 108

so, GCF of 24 and 108=
2 × 2 × 3 = 12 (24=23x31; 108=22x33; GCF=22x31)
(c) Euler’s GCF Method (Fast way to compute Greatest  
Common Factor):
If A>B, then GCF(A,B) = GCF(A-B,B).  This works because if A and B have a common factor, then A-B has the same factor.   Repeat until obvious.

  GCF(130,91) = GCF(130-91, 91) = GCF(39, 91) =

  GCF(91, 39) = GCF(91-39, 39) = GCF(52,39) =

  GCF(52-39, 39) = GCF(13,39) = 13

To the Zero Power: Any non-zero number to the zero power is one.  50=1.  This makes sense if you think that 53÷5=52, and 52÷5=51, so 51÷5=50, which is the same as 5÷5=50=1.  (00 is undefined, not 1.)


50=1

51=1x5    = 5


52=1x5x5=25

What is a "Multiple" ?

The multiples of a number are what you get when you multiply it by other numbers (such as if you multiply it by 2,3,4,5, etc). Just like the multiplication table.   Here are some examples:

	The mutlples of 3 are 6, 9, 12, 15, 18, 21, etc ...

	The mutlples of 12 are 24, 36, 48, 60, 72, etc...


What is a "Common Multiple" ?

If you have two (or more) numbers, and you check through their multiples and find the same value in both lists then that is a common multiple of those numbers.   For example, if you write down the multiples of two different numbers (say 4 and 5) the common multiples are those that are found in both numbers:

	The multiples of 4 are 8,12,16,20,24,28,32,36,40,44,...

	The multiples of 5 are 10,15,20,25,30,35,40,45,50,...

	 

	Notice that 20 and 40 appear in both lists? So, the common multiples of 4 and 5 are: 20, 40, (and 60, 80, etc ..., too)


What is the "Least Common Multiple" ?

It is simply the smallest of the common multiples. In our previous example, the smallest of the common multiples is 20, so the Least Common Multiple of 4 and 5 is 20.

Finding the Least Common Multiple

(a) It is a really easy thing to do. Just start listing the multiples of the numbers until you get a match.

Find the least common multiple for 3 and 5
The multiples of 3 are 6, 9, 15, ..., and the multiples of 5 are 10, 15, 20, ..., the first time the multiples match up is 15. Answer: 15

Find the least common multiple for 4, 6, and 8

	Multiples of 4 are: 8, 12, 16, 20, 24, 28, 32, 36, ... 

Multiples of 6 are: 12, 18, 24, 30, 36, ... 

Multiples of 8 are: 16, 24, 32, 40, ....

So, 24 is the least common multiple 


(b) Prime Factorization – prime factor each number and find the union of all numbers, use one of every factor from each number BUT do not repeat overlapping factors (or for each prime factor take the larger of the two exponents)

Find the least common multiple for 9 and 15





9 = 3 x 3


     

       15 = 3 x      5 

so

LCM of 9 and 15 =            3 x 3 x 5  = 45

( 9= 32; and 15 = 31 x 51; so take 32 x 51 = 45)
LCM(2, 3) = 6     LCM(2,4) = 4      LCM(10,15) = 30

LCM(6,10) = 30   LCM(8,12) = 24  LCM(6, ?) = 18  (?=9 or 18)
Useful trick: 

GCF(a,b) x LCM(a,b) = a x b.

The product of the GCF and LCM is equal to

The product of the two numbers.

  GCF(2,3) = 1
GCF(4,6) = 2

GCF(12, 16) = 4

  GCF(12,18)=6
GCF(17,24)=1
GCF(11, 22) = 11

  GCF(10,?) x LCM(10,?) = 30       (? = 3, because GCFxLCM=3x10)
Proper Factor: A factor of a number other than the number itself or one.  The proper factors of 6 are 2 and 3, but not 1 or 6.  There are no proper factors of prime numbers.


Factors of 6: 1, 2, 3, 6
Proper Factors:  2, 3

Factors of 7:  1, 7

Proper Factors:  None!

Relatively Prime: Two numbers are relatively prime if they have no common factors other than 1.  Their GCF is 1.   For example, 7 and 8 are relatively prime as they share no factors greater than 1.   If the difference between two numbers is prime, then the numbers are relatively prime.

  If GCF(A,B)=1, then A and B are relatively prime.

  If A – B = prime, then GCF(A,B)=1

  Are 21 and 91 relatively prime?     No, GCF(21,91)=7
  Are 10 and 21 relatively prime?     Yes, 2x5 and 3x7 share no factors.


Number of Factors: 12 has 6 factors: 1,2,3,4,6,12 (we count 1 and 12). To count them, do prime factorization first.  Take the exponents, add one to each, and multiply.  For example, 12=22·31, so the exponents are 2 and 1.  Add one to each: 3 and 2.  Multiply: 2x3=6.  So, 12 has 6 factors, same as we listed above.  How many factors does 1000 have?  1000=23·53, so it has 4x4=16 factors.

Another way to count the number of factors is to list them in pairs and be sure you got them all!  That’s the hard part.



200=23·52
Perfect squares have an odd number of factors.  36=1x36, 2x18,3x12,4x9,6x6, or 9 distinct factors.   36=22x32, (2+1)x(2+1)=9 factors.

Factors of 49: 1, 7, 49   = 3 factors – an odd number
Factors of 36: 1, 2, 3, 4, 6, 9, 12, 18, 36 = 9 factors (odd)
Category 3

Number Theory

Meet #2, November 2004

1.  Find the greatest common factor (GCF) of 5,409,149,074,560 and 37,644,750, given their prime factorizations below. 

	5,409,149,074,560 =
	27
	·
	32
	·
	51
	·
	73
	·
	115
	·
	130
	·
	171

	37,644,750 =
	21
	·
	34
	·
	53
	·
	70
	·
	111
	·
	132
	·
	170


Hint: Is each number divisible by 32?  How about 33? GCF, for each prime factor, always has the lower power.

2.  If LCM(a,b) = 90 and LCM(a,c) = 36, then what is the value of LCM(a,b,c)?

Note: “LCM(a,b)” means the least common multiple of a and b.

Hint: Prime factor each.  LCM, for each prime factor, always has the higher power.

3.  If m is a proper factor of 208 and n is a proper factor of 288 and 
GCF(m,n) = 2, then what is the greatest possible value of m + n?
Note: A proper factor is a factor of a number other than the number itself.



Solutions to Category 3

Number Theory

Meet #2, November 2004

The greatest common factor of the two numbers is the product of the primes that they have in common.  For each prime factor, we use the lower exponent to create the GCF.  Thus the GCF of the two numbers is


[image: image3.wmf].

2.  The LCM(a,b,c) is the least common multiple of the LCM(a,b) and the LCM(a,c).  In other words, we need to find LCM(90,36).  It is helpful to consider the prime factors of each number: 
[image: image4.wmf] and 
[image: image5.wmf].  The LCM of these two numbers must have all the prime factors of each and no extras.  If we start with the prime factorization of 90, we only need one more factor of 2 to create a multiple of 36.  Thus the LCM of 90 and 36—and also of a, b, and c—is 90 ( 2 = 180.

3.  The proper factors of 208 are 1, 2, 4, 8, 13, 16, 26, 52, and 104.  The proper factors of 288 are 1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 32, 36, 48, 72, 96, and 144. 

Taking one number from each list and making sure their GCF is 2, we get the greatest possible sum from 144 and 26, namely 170.  

Category 3

Number Theory

Meet #2, November 2003

1.  The product of two whole numbers is 56 and their GCF (greatest common factor) is 1.  If both numbers are less than 56, what is the positive difference between these two numbers? 

Hint: Write all product pairs giving 56, such as 1x56, 2x28, 4x14,.. and cross out the ones with GCF>1.

Is 56 less than 56?

2.  The GCF of n and m is 99 and the LCM (least common multiple) is 594.  

If n is 198, then what is the value of m?

Hint: GCF(a,b) · LCM(a,b) = a · b, and you know 3 out of 4 terms.  594 = 99x____

3.  The product of two whole numbers, a and b, is 330.  The positive difference between a and b is a prime number.  The sum of the digits of this difference is also a prime number.  What is the LCM of a and b?



Solutions to Category 3

Number Theory

Meet #2, November 2003

1.  All possible factor pairs of 56 are listed below:


[image: image6.wmf]
The GCF of 2 and 28 is 2 and the GCF of 4 and 14 is also 2. The pair 7 and 8 have a GCF of 1 and they are both less than 56.  The positive difference between these numbers is 1.

2.  The prime factorization of 594, the LCM of n and m, is 
[image: image7.wmf] and the prime factorization of 99, the GCF of n and m, is 
[image: image8.wmf].  Both n and m must be multiples of 99, their GCF, and we must account for all the prime factors of the LCM.  If n is 198, which is 2 ( 99, then m must be 3 ( 99, which is 297, to account for the extra factor of 3 in the LCM.

3.  The prime factorization of 330 is 
[image: image9.wmf].  Since there is only one of each prime factor of 330, any two whole numbers, a and b, that have a product of 330 must be relatively prime, meaning their GCF is sure to be 1.  For any two numbers that are relatively prime, their LCM must equal their product.  This means that we do not actually have to determine the values of a and b and the other clues are not needed.  The LCM of a and b is 330.

Category 3

Number Theory

Meet #2, November, 2002

1.
Let F be the greatest common factor of 36 and 48. 


Let M be the least common multiple of 36 and 48.


What is the product of F and M? 

Hint: It’s always true that GCF(a,b) · LCM(a,b) = a · b.   Or, you can solve for the GCF and LCM above.

2.  If n is a proper factor of 135 and m is a proper factor of 175, what is the largest possible value of n + m?  (A proper factor of a number is any factor other than the number itself.)

Hint: What is the largest proper factor of each?  You can divide each by its smallest factor.

3.  John has a rectangular piece of poster board that measures 36 inches by 42 inches.  He wants to cut this entire board into some number of squares of equal size with no waste.  How many inches are in the side length of the largest possible squares that John can cut from his poster board?



Solutions to Category 3

Number Theory

Meet #2, November, 2002

1.  The prime factorization of 36 is 
[image: image10.wmf] and that of 48 is 
[image: image11.wmf].  Both numbers have two factors of 2 and one factor of 3, so the greatest common factor of 36 and 48 is 
[image: image12.wmf] and we let F = 12.  For the least common multiple of 36 and 48, we need two factors of 3 for the 36 and all four factors of 2 for the 48.  The LCM of 36 and 48 is thus 
[image: image13.wmf] and we let M = 144.  The product F • M is thus 12 • 144 = 1728.  Notice that the product of 36 and 48 is also 1728.  This is true in general: the product of the GCF and the LCM of two numbers is equal to the product of the two numbers.

2.  The prime factorization of 135 is 
[image: image14.wmf] and that of 175 is 
[image: image15.wmf].  To find the largest proper factors of each number, we can simply divide each of the numbers by its smallest prime factor.  135 ÷ 3 = 45 and 175 ÷ 5 = 35.  The largest possible value of n + m is thus 45 + 35 = 80.
3.  The largest possible squares that John can cut from his 36 inch by 42 inch poster board have a side length equal to the greatest common factor of 36 and 42, which is 6 inches.  




EMBED Unknown

EMBED Unknown

EMBED Unknown

EMBED Unknown

EMBED UnknownCategory 3

Number Theory

Meet #2, November, 2001

1.  What is the smallest positive composite number that does not have any prime factors less than 20?

Hint: Composite= not prime, of course.  Answer is smaller than 667.

2.  The greatest common factor of x and y is 5 and the least common multiple of x and y is 525.  If x = 75, what is the value of y?   

Hint: GCF(a,b) · LCM(a,b) = a · b, and you know 3 out of 4 terms.

3.  Of all the whole numbers between 60 and 70 (not including 60 and 70) which has the greatest number of factors? 

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 3

Number Theory

Meet #2, November, 2001

	Answers

1. 529

2.  35
3.  66
	1.  The smallest positive composite number that does not have any prime factors less than 20 must be the square of the first prime greater than 20, or 

 which is 529.

2.  The prime factorization of 525 is 

 and the prime factorization of 75 is 

.  Whatever y is, it must have the common factor of 5 and it must also have all the factors of the LCM that aren’t accounted for by x.  Thus y must equal 

 or 35.  In general, the product of the LCM and the GCF of two numbers is equal to the product of the two numbers.

3.  Consider  the prime factorizations of the whole numbers 61 through 69.  The number of factors can be calculated by raising each exponent by one and finding their product.



 and has just 2 factors.



 and has 

 factors.



 and has 

 factors.



 and has 7 factors.



 and has 

 factors.



 and has 

 factors.



 and has just 2 factors.



 and has 

 factors.



 and has 

 factors.

66 has the greatest number of factors.


Category 3

Number Theory

Meet #2, December 2000

1.  If  
[image: image16.wmf], then find the value of 
[image: image17.wmf].

 l =

m=

n =

Hint: Do the prime factorization of 1176, and write down the values for l, m, n.

2.  If A = the greatest common factor (GCF) of the set of numbers shown below and B = the least common multiple (LCM) of the set, find the difference 
[image: image18.wmf].

	{
	12,
	36,
	11,
	18,
	24
	}
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	3
	
	
	
	
	
	

	11
	
	
	
	
	
	


Hint: Prime factor each number underneath.  Then look across to figure the smallest/greatest exponents.  Or, just eye-ball the set and figure out the LCM and GCF.

3.  The GCF of x and y is 8 and the LCM is 336.  If x is 48, then what is the value of y?

Answers

  1.  _____________

  2.  _____________

  3.  _____________

Solutions to Category 3

Number Theory

Meet #2, December 2000

	Answers

1.  24

2.  791
3.  56
	1. Prime factoring, we find that 
[image: image19.wmf], so 
[image: image20.wmf], 
[image: image21.wmf], and 
[image: image22.wmf].  Now we carefully substitute these values into the expression  


[image: image23.wmf] which becomes 
[image: image24.wmf].  Simplifying this, we get 
[image: image25.wmf].

2.  The greatest common factor (GCF) of 
[image: image26.wmf]is 1, so 
[image: image27.wmf].  The least common multiple (LCM) of the set is 
[image: image28.wmf], so 
[image: image29.wmf].  The difference 
[image: image30.wmf].

3.  The product of the GCF and the LCM of any two numbers is always equal to the product of the two numbers.  In this case we have 
[image: image31.wmf].  Since 
[image: image32.wmf], we have 
[image: image33.wmf] or 
[image: image34.wmf].




Hint: List the numbers from 60 to 70, and write down the number of factors for each.  Answer is not 64.





Hint: GCF.   Or, draw a picture.








Hint: Prime factor 208 and 288.  Find factors of each that share no common prime factors other than a 2.





Answers


  1.  _______________


  2.  _______________


  3.  _______________








6•6 = 36





Solutions are on the next page.


Hints were not part of the original meet.








7•6 = 42





Answers





1.  1728





2.  80





3.  6














Answers


  1.  _______________


  2.  _______________


  3.  _______________














Answers





1.  1





2.  297





3.  330








= 12 factors








Hint: If the difference between two numbers is prime, the two numbers are relatively prime (share no factors).





Answers


  1.  _______________


  2.  _______________


  3.  _______________








1 x200


2 x100


4 x 50


5 x 40


8 x 25


10x20








4x3=12 factors





2+1=3














3+1=4





Hint: GCF(a,b) · LCM(a,b) = a · b, and you know 3 out of 4 terms.





Answers





1.  990





2.  180





3.  170
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